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1. INTRODUCTION 
1.1 Object and Scope 
The state of stress in a body subjected to dynamic loads is 
the result of the propagatjon of stress waves generated ~y the disturbances. 
In an isotropic elastic body, both dilatational and distortional waves 
can exist. The principal difficulty that arises in the solution of wave 
propagation problems in bounded elastic media is the interaction of these 
dilatational and distortional waves at a bounding surface. The simplest 
cases in which such i·nteraction occurs involve a half space, where there 
is only one plane bounding surface. 
The obj ect of thi s study 'i s to develop the method of rota ti ona 1 
superposition for the solution of a certain class of three-dimensional wave 
propagation problems. This method, when coupled with the method of self-
similar potentials, is shown to be an effective alternative to the 
classical Laplace transform and harmonic wave techniques. 
The main problem treated in this investigation is the wave pro-
pagation in a homogeneous is6trbpic elastic half space s~bjected to a point 
load applied within and parallel to its bounding surface. The load is 
taken as a step function in time, which permits a simple extension to any 
time or space variation of the load. The cases of surficial and sub-
surface loadings are studied in detail. ~rom this solution, it is possible 
to construct dislocation solutions used in simulating earthquake motions 
caused by a strike-slip of limited extent. Several dislocations were 
* studied by Gupta [23] for the harmonic, steady-state case. The present 
* Numbers in brackets refer to entries in the List of References. 
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work allows a more realistic time variation to be assumed and a straight-
forward study of the accompanying phenomena. The solution for a point load 
acting parallel to the plane boundary between two bonded elastic half spaces 
of dissimilar material is also found. 
1.2 Background Material 
Several methods have been used in the past to solve wave pro-
pagation problems. Lamb [lJ and others [2J applied harmonic wave techniques 
to some problems of transient loading of an elastic half space. Cagniard [3J 
utilized the method of Laplace transforms. Recently, Gakenheimer and 
Miklowitz [22J studied the problem of a moving normal point load on the 
surface of a half space using the Laplace and double Fourier transforms. 
Both of these methods present well known computational difficulties. In the 
former, one has the formidible task of evaluating a Fo~rier integral unless 
the source of the disturbance varies in a harmonic fashion. In the latter, 
transformations are encountered which are difficult to carry out analytically 
except for certain special cases. The method of self-similar potentials, 
however, is a relatively simple and extremely powerful alternative technique 
for solving two-dimensional wave propagation problems. The method was 
originally developed by V. I. Smirnov and S. L. Sobolev in the early 1930·s, 
but it has seen only limited use outside the U.S.S.R. Recently, a descrip-
tion of the method, its application to a dynamic contact problem, and a 
bibliography of the method were presented "by Thompson and Robinson [14J. 
The extension to three-dimensional axially symmetric problems was 
developed along with the original method of self-similar potentials [5J and 
applied to a number of problems in recent years[lO, 11J. Weber [6J 
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rediscovered the same technique in a static elasticity context somewhat 
later. The application of rotational superposition to three-dimensional 
problems without axial symmetry, is, however, a newer development. 
Alexandrov [7, 24J proposed to employ this method in the solution of static 
problems. Its application to dynamic problems is especially appealing 
since the resulting plane problems can be solved b,y the method of self-
similar potentials. 
Chao [8J formulated the solution to the problem of a point load 
beneath and parallel to the surface of the half space using transfonn techniques. 
He gave results for the simplified case of a surface load in integral form 
and evaluated the displacements on the surface and directly beneath the 
load. Aggarwal and Ablow [9J, by extendi ng the Bateman-Pekeri s theorem, 
presented resul ts in integra 1 form for the di sp 1 acements on the, surface due 
to the buried load. The entire solution when attacked by the proposed 
method involves at most one quadrature in the complex plane. The ,results 
are obtai ned eas fly 'wi thout the added comp 1 ex i ti es of the transform method.; 
1.3 Method of Solution 
In this ~tudy, the method of self~similar potentials is extended 
to permit the solution of three-dimensional problems without axial symmetry. 
The key to this extension is the idea of superposing plane strain and anti-
plane problems by what may be termed rotational superposition. The simpler 
case of axial symmetry is treated by rotational superposition involving 
only a plane strain problem. 
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Two plane problems, when weighted by appropriate factors and 
superposed about an axis normal to the surface of the half space, determine 
some three-dimensional loading. These plane problems are of plane strain 
and antiplane type. It is desirable, however, to be able to perform the 
inverse of this procedure; namely, given a three-dimensional problem, find 
the corresponding two-dimensional problems. This naturally leads to three 
integral equations relating the known boundary values to the corresponding 
boundary values in the plane cases. It is interesting to note that the 
plane strain and antiplane problems uncouple. The solution to the former 
contains dilatational- (p) waves and vertically polarized distortional (SV) 
waves while the latter contains only horizontally polarized distortional 
(SH) waves. The solution of the plane problems, found simply by the method 
of self-similar potentials, are superposed resulting in the stresses and 
displacement of the given three-dimensional problem. 
Chapter 2 contains the development of the method of rotational 
superposition. The surficial loading of a half space is treated in 
Chapter 3. The effects near the wave fronts and the Rayleigh surface 
wave are examined in detail. Chapter 4 treats the subsurface loading of 
a half space. The behavior of the solution near the wave fronts and near 
a surface wave is examined. This includes the effect of the SP wave 
traveling along the surface, an effect arising from the total reflection 
of the incident SV wave. The contributions from the incident and reflected 
waves are obtained separately making it possible to study the character 
of each. The effect of the focal depth on the solutioh is of special 
interest. Chapter 5 contains the formulation and solution of the problem 
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of a point load acting parallel to the plane boundary between two bonded 
elastic half spaces of dissimilar materials. A discussion of the results 
and recommendations for further study are contained in Chapter 6. 
1.4 Notation 
The symbols used in this study are defined in the text when they 
first appear. Those sywbols most frequently used are listed below. 
Va 
v' 
al 
v a2 
J b 
J bc-l 
! 
v b 2 
JC 
J cl 
J c2 
C, 
f 
f, , 
hl ' 
J i 
kl ' 
J m 
v ml 
J m2 
CO' C" C2, C3 ' C 
f2 
h2 
k2 
Speed of the P wave (\/A + m 2 p) 
Speed of the P wave in medium 1 (Chapter 5) 
Speed of the P wave in med i urn 2 (Chapter.5) 
Speed of the S wave (~) 
Speed of the S wave in medium 1 (Chapter 5) 
Speed of the S wave in medium 2 (Chapter 5) 
Sp~ed of the Rayleigh wave 
Same as a 
Same as b 
Contours of integration 
Angle of incidence 
See Eq. (2.10) 
See Eq. ( 5.5 ) 
r-r 
See Eq. (5.5) 
Mass density of the elastic solid 
Mass density of medium 1 (Chapter 5) 
Mass density of medium 2 (Chapter 5) 
p 
p. 
1 
v R(e2) 
J t 
~t 
t p' t s ' t pp ' 
t ps ' t sp ' tH 
I u' Ux ' y 
U I 
Z 
U , 
P UW' Uy 
x, y, Z 
x , y , Z 
t ss ' 
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Magnitude of the load 
See E q " (2. 1. 8 ) 
Rayleigh function 
Time coordinate 
Increment of time 
Arrival times of the P, S, PP, SS, PS, SP, and 
head waves respectively 
Components of the displacement field for plane 
strain problems 
Displacement field for the antiplane problem 
Components of the displacement field for the three-
dimensional problem in cylindrical coordinates 
Self-similar displacement for the antiplane problem 
in medium 2 of Chapter 5 
Self-similar displacement for the antiplane problem, 
incident waves and reflected waves respectively 
Cartesian space coordinates 
Cartesian space coordinates for the plane problems 
y coordinate of the point of application of the 
load (Chapters 4 and 5) 
Speed of expanding load 
Scalar dilatational potentials for medium 2 of 
Chapter 5 
Complex dilatational potentials associated with Yll 
and Y12 respectively 
01' 02 
all' 021 
012 ' °22 
611 ' [\21 
612 ' [\22 
n 
81 ' 82 
8'1' 822 
812 ' 821 
811 ' 8 21 
812 ' 8 22 
, 8p' 8s ' 8pp ' 
8ss ' 8ps ' 8sp 
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See Eqs .. (2.18) and (4.8) 
See Eq. (4.11) 
See Eq. (4 .. 18) 
See Eq. (5.2) 
See Eq. (5.8) 
Variable of integration (= Wo - w) 
See Eq. (2.20) 
See Eqs. (4.12) and (4.19) respectively 
See Eqs. (4.11) and (4.18) 
See Eq. (5.2) 
See Eq 0 ( 5 .. 8 ) 
Value of 8 at a point on the front of the P, S, PP, 
SS, PS, and SP wave fronts respectively 
Lame~ constants of elasticity 
Lame.~ constants of e' asti ci ty for medi urns 1 and 2 
respectively in Chapter 5 
~ ~1/~2 in Chapter 5 
v Poisson's ratio 
p, w, y Cylindrical space coordinates 
a' a I a I T I I Component,s of the stress field for the plane strain x' y' . z ' y x 
a p ' aw' ay 
T pw' Tyw ' 
Ix' , Iy ' , 
Typ 
Iz' , T I I Y X 
problem 
Components of the three-dimensional stress field in 
cylindrical coordinates 
Self-similar stresses for the plane strain problem 
Ip' Iw' Iy ' Tpw' 
Typ ' Tyw 
I I I I (J I 
T Z X ' Ty Z' Z 
T I I T I I \' I 
Z x' y z ' LZ 
¢ , ¢l' ¢11' ¢l 2 
~, ~l' ~ll' ~12 
'¥, 
'¥2' '¥ 21' '¥ 22 
'¥, 
'¥2' '¥21' '¥22 
( ) * 
( )p, ( )s, ( )pp, 
( ) ss , ( ) ps , 
( )sp, ( )R 
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First time integrals of the stresses (Chapters 3 
and 4) 
Components of the stress field for the antiplane 
problem 
Self-similar stresses for the antiplane problem 
Scalar dilatational potentials 
Complex dilatational potentials associated with ¢, 
¢l' ¢ll' ¢12 
Scalar distortional potentials 
Complex distortional potentials associated with 
~, ~2' ~2l' ~22 
Complex quantity associated with ) 
Component associated with P, S, PP, SS, PS, SP, 
and Rayleigh wave respectively 
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2. THE METHOD OF ROTATIONAL SUPERPOSITION 
2.1 General Equations 
The equations of motion for a homogeneous, isotropic, linearly 
elastic body can be expressed in terms of the displacements as follows: 
2 
(A + ~) at:,. + ~ \/2 = a Ux ax Ux m--at2 
I ~. ,a t:,. . 2 a
2u 
+ 
_ z I') , \ \A T 11) az 11 v Uz - 1I1~ \ c... I J at 
where (x, z, y) are cartesian coordinates, m is the mass density of the 
solid, A and 11 are the Lame~ constants which define the elastic properties 
of the medium, (u
x
' uz ' uy) is the displacement vector ~, ~ is the dila-
tation and \/2 is the Laplacian operator, 
For linear wave propagation problems, it is customary to apply 
the Helmholtz Theorem [14J to the displacement vector, thereby, repre-
senting it as the sum of the gradient of a scalar potential and the curl 
of a vector potential, i.e., 
10 
u = grad ¢.+ curl ~ (2.2) 
where div ~ = O. The scalar potential represents the dilatational (P) 
portion and the vector potential represents the distortional (5) portion 
of the disturbance. 
For the equations of motion to be satisfied, it is both a 
necessary and a sufficient condition that the potentials satisfy the wave 
equations, 
= 1 4 ~ 8t (2.3) 
where a = A,/" ~ 2).1 and b = Vf are the speeds of the P and S waves, 
respectively. 
For the case of plane strain, the equations of motion reduce to: 
. 2 
+ II 'V U I 
X 
(2.4) . 
, , I 
A, ll, and m are defined as before, (x y, z ) are cartesian coordinates, 
I 
and (u
x
·' uy ", 0) is the displacement vector which is a function of x , 
y , and t only. The dilatation ~ and the Laplacian operator v2 are de-
fined as 
8u I 8u I 
~=_x_+~ 
8x 8y 
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The displacement vector in this case can be represented by two scalar po-
I 
tentials, namely, ¢ and ~Zl, the z component of~. The Helmholtz decom-
position again leads to 
(2 .. 5 ) 
Another plane problem necessary to the development that follows 
* is one of antiplane type. In this case, the displacement vector is (0, 0, 
I I 
U
Z
I ) where uz ' is, similarly, only a function of x , Y , and t. It is 
immediately obvious that the equations of motion reduce to one, 
(2.6) 
where ~, m, and v2 are defined as in the plane strain case. 
In the succeedi~g sections, it is shown that a plane strain and 
an anti plane problem, when combined properly, yield the solution to a 
specified three-dimensional problem. 
2.2 Rotational Superposition 
Although numerous techniques exist to solve plane problems of 
elasticity, a wide variety of tools is not available to treat the more 
difficult three-dimensional problems. It is this fact and the premise that 
two plane problems can be solved much simpler than a given three-dimensional 
* The two-dimensional problem denoted antiplane in this study is a special 
case of the general antiplane problem treated by Milne-Thomson[16J. 
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problem which motivate the development of the method of rotational super-
position contained in this section. 
2.2.1 The Relationship between Plane Strain, Antip1ane, and Three-
Dimensional Problems 
Consider the haif plane of Fig. 1. It is first necessary to 
determine the effect in three dimensions of applying a plane strain and an 
* 
antip1ane displacement field at an angle Wo with the x-axis. With re-
ference to Fig. l(b), the radial, circumferential, and vertical disp1ace-
ments can be expressed as 
u = u
x
' [p cos (wO - w), y , tJ cos (wO ~ w) 
. p 
• 
u
z
' [p cos (wO - w), y , tJ sin (wO - w) 
. . 
+ u
z
' [p cos (wO - w), y , tJ cos (wO - w) 
• 
uy = uy ' [p cos (wO - w), y , tJ 
(2.7) 
where (u
x
', Uy ') and UZ 1 are. the displacements corresponding to the plane 
strain and antip1ane problems respectively. 
The method of rotational superposition evolves by modifying each 
of the plane problems by a weighting function, of wo' and superposing their 
* (p, w, y) are the cylindrical coordinates equivalent to (x, z, y). 
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effects for all values of Wo from 0 to TI. This leads to the following 
integrals: 
u p = 
u = 
w 
+ 
U I 
X 
J
,-rr u I 
. x 
Jo 
I 
[p cos (wo - w), y , tJ cos (wO - w) fl (wO).d Wo 
I 
[p cos (wO - w), y , t] sin (wO - w) f2 (wO) d Wo 
I 
[p cos (wO - w), y , tJ sin (wO -' w) fl (wO) dwO 
I 
[p cos (wO - w), y, tJ cos (wO - w) f2 (wO) dwO 
(2.8)' 
where fl (wo) andf2 (wO) are as yet undetermined weighting functions. It 
is easily shown that the resulting three-dimensional displacement field 
satisfies the equations of mo~ion,Eqs. (2.1), provided the plane fields 
satisfy the two-dimensional equations of motion. This follows directly 
.' since the final displacement field is formed by superposing solutions to 
the equations of· linear elasticity for the homogeneous, isotropic case. 
Similar expressions can be derived for the tractions.' The boundary trac-
tions are written as: 
T = yp 
-
rTf 
I 
! 
(Tf 
..,1 0 
/'" Tf 
r 
I 
)0 
(71", 
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, 
(J y' [p co s (Wo - W), y , t J f, ( wo) d Wo 
, 
T ' , ,[p cos (WO - W), y , tJ cos (wO - w) f, (wo) d Wo y X 
, 
T I I [p cos (WO - W), y , tJ sin (wO - w) f2 (wO) d Wo Y z 
Tyw = I TylX' [p cos (wO - w), y , tJ sin (wO - w) f, (wO) d Wo 
-' 0 
(2.9) 
The weighting functions are taken in the following form: 
(2.'0) 
For problems exhibiting axial symmetry, n was taken equal to zero [5, 10J, 
and, as one would expect, only a plane strain problem enters into the solu-
tion. It can be shown [4J that one plane strain problem corresponds to 
every axially-symmetric problem. For the class of problems treated in 
this study, n is chosen equal to one. Values of n greater than one corre-
spond to the application of self-equilibrating stress systems. 
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The method of rotational superposition, as derived in this sec-
tion, is applicable to static and dynamic problems of elasticity. This 
study considers only the dynamic case. 
2.2.2 Determination of the Plane and Antiplane Problems· 
In the preceding section, it was shown that two types of plane 
problems can be superposed about an axis nonnal to the surface of the half 
space to form a three-dimensional problem. The importance of this observa-
tion however, depends on the possibility of inverting the procedure, i .. e., 
for a given three-dimensional problem, the corresponding two-dimensional 
problem~ are sought. This naturally leads to three integral equations re-
lating the known boundary values to the corresponding boundary values in 
I 
the plane cases (~qs. (2.9) with y = 0). The solution of these integral 
equations is considered in this section. 
Some assumption~ as to the character of the plane problems will 
facilitate the development· that follows. Assume the plane strain problem 
I 
is anti symmetri c with respect to the y axis, i.e., 
I 
U
x 
I (-x , y , t) 
I 
uy 
I 
.( -x Y t) , 
and the antiplane problem 
I 
Uz 
I (-x y , t) 
= U i (x 
X 
I 
y 
I 
= "'u 
I (x Y y , 
symmetric, .i . e. , 
I I 
= Uz 
I (x , Y 
.t) 
t) 
, t). 
These assumptions along with an appropriate change of variable (n = Wo - w) 
lead to the following expressions for the displ.acements and stresses, 
U 
P 
cr p 
cr 
w 
= 
= 
16 ( , .... 1T r-1T ") 
~ ) UX ' COS 2 n dn I • 2 d " Uz Sln n n ( cos w 
L J 0 j 
1 
_ 0 ) 
('IT 
! 2 
J U I cos 
I z 
sin w . 2 d Sln n n + 
)0 
r } 
; (1T 
~! uy cos n dn cos w 
LJo 
""\ 
E: I 
X 
sin2 n cos n dnJ cos w 
:- i1T 
<' cr I \ X 
,,_.J 0 
E: I 
X 
. 2 d Sln n cos n n 
3 
cos n dn (2.11a) 
+ i71 2 Tz'X' sin2 n cos n dnj cos w 
Tyw = 
{Jo71 cry cos n d) cosw 
ll" r 01T ro1T· 2 .. ) 1 J ( T y'x' co/ n dn - J ( T y' z' S 1 n n dn ( cos W 
~, 
. 2 d Sln n n + -T I I Y X 
2 T I J cos n dn > sin w 
.Y z 
i ) 
where all 
(p cos n, 
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r-
L pw 
;, J1I T I I 
-'\ Z· X (cos2 n - sin2 n) cos n dn 
~ 0 
211 E 
.x 
1 
. 2 d I . Sl n n cos n n? s 1 n w 
I ) 
of the two-dimensional quanti'ties are taken 
I 
Y , t), and EX' is equal to au 'lax' x . The 
as functions 
stresses L yp 
Lyw can be written in the equivalent form: 
where 
L yw 
'I 1 = 
L = 2 . 
= 
'IT ~o T2 cos 2 n dn cos w 
(' 
j 
J-
r'IT ('IT l 
! Ll dn + I L2 cos 2 n dn ( sin w \ 
i 
I,. ) 0 ) 0 ) 
L 
I I _ I I 
Y X Ly Z 
2 
L I I + L I I 
Y X Y z 
2 
I 
of 
and 
(2.llb) 
(2.1lc) 
It is apparent from Fig. that the y and y axes coincide. In the work 
that follows, y will be used exclusively except in the identification of 
the plane displacements and stresses. 
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* It is convenient for the problems solved in this study to choose 
L I I = I I Y X -Ty Z 
-
= L (2.12) 
Then the boundary tractions are modified to: 
(2.13) 
The solution to these equations can be found in a manner analogous to 
that used in solving Abel integral equations[15]. Introduce the change of 
variable u = p cos n which transforms Eqs. (2.13) into 
cry [p, y, tJ = 
cos w 
Lyp [p, y, tJ 
cos w 
1 
p 
(2.14) 
Lyw [p, y, tJ - f -p - . du 
= - sin w .. - - L [u, y'.l tJ -,....-:,."":...-:"-=-:: 
A / 2 2 
p 'V p - u 
Wi th the assumed symmetri es of the plane prob 1 ems, Eqs. (2.14) can be 
simplified to: 
* See Sees. 3.1 and 4.1. 
ay [p, y, tJ 
cos w 
Typ [p, y, tJ 
cos CD 
19 
= 2p !C' ·oP u d u ay ' [u, y, t] I 2 . 2 
\/ p - u 
TyW [p,y, tJ = 
sin w 
(20,15) 
2 r P T [u, y, t] d U 
fO Vp2 - ,) 
The solutions to Eqs.(2.l5) are: 
T [R, y, tJ 
T yP 
cos w 
[u, y, tJ . u d u 1 
\/R2 - } J 
- T' • [R· y tJ = -Ty ' Z ' [.R, y, tJ - Y x" 
(2.16) 
For y = 0, Eqs.(2.l6)define two boundary value problems of plane 
elasticity in a half space. The solutions can be found by any appropriate 
technique. It will be shown, however, that the form of these problems 
leads to a very simple analysis by the method of self-similar potentials. 
In fact, for the loadings studied in this investigation, the plane problems 
will be solved virtually by inspection. The displacement fields of the· 
plane problems are naturally unique and when superposed yield unique 
20 
displacement fields in three dimensions. Since the boundary values in the 
plane cases superposed yield the boundary values for the three-dimensional 
problem, it follows that the resulting displacement fields are the unique 
solution to the problem of interest. 
2.3 The Method of Self-Slmilar Potentials 
The method of self-similar potentials is a powerful technique 
for the solution of two-dimensional wave propagation problems. It was 
originally developed by V. I. Smirnov and S. L. Sobolev [5J in the 1930's. 
More recently, a work by Thompson and Robinson [4J presented a motivation) 
development, and bibliography of the method. A brief summary of the pro-
cedure and the extension to antiplane problems is presented in this section. 
2.3.1 General Remarks 
The method of ~elf-similar potentials is convenientlM aQQlicable 
to problems where the boundary and initial conditions are homogeneous func-
tions of the spatial variables and time. These will be called self-similar 
problems. This homogeneity of boundary values leads to a reduction in the 
number of independent variables necessary to describe the motions of the 
body, e.g., (x, y, t) -+ (x/t, y/t). The reduction is accomplished by 
considering an auxiliary function, the general solution to the character-
istic differential equation for the wave equation. The wave equation is 
transformed into a partial differential equation of new variables, elliptic 
in the region within the wave front and hyperbolic outside the front. The 
plane strain and antiplane problems associated with the method of rotational 
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superposition uncouple. The solution to the fonner is in tenns of a 
dilatational (p) wave arid a vertically polarized distortional (~V) wave 
and the latter is in terms of a horizontally polarized distortional (SH) 
wave. The succeeding sections treat these planS problems. 
It is convenient to treat the plane strain problem in terms of 
the potentials ¢ and $z', henceforth denoted $, derived in Sec~ 2.1. In 
addition, ¢and $ are taken to be the real parts of two functions of the 
complex variables 8, ~nd 82, 
(2. '7) 
The vari~b'es 8, and B2 parametrize the cha~acteristic surfaces of the wave 
equati on and are defined imp 1 i ci tly by 
, . '1 j. 2 . 2 
o i = t - 8 i X· .. Y IV· C i - 8 i + Pi ( 8 i·) . = ·0 (2.'8) 
where i = 1,2 and cl = a and c2 = b. In the subsequen~ discus$ion, 81 
shall be wtitten whenever a reference is made to both ~1 and 82 .. For a 
I , 
loading at the origin of the (x, y , t) spac~, only the characteristic 
** surfaces through the ori gi n are of interest. Therefore, take Pi (8i ) = 0 
and 
* 
(2.19) 
A rigorous deriv~tion is not presented in this section but, rather, an 
overall view along with the necessary equations to proceed with theappli-
cation of the method of rotational superposition. See Ref. [4] for 
additional details. . 
** . . Pi (8 i ) ~ 0 for the case of a subsurface loading discussed in Chapter 4. 
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These surfaces are planes tangent to the cone Figure 
I I 
2 shows the trace of several of these planes in the (x It, y It) plane. 
It is not difficult to show that any sufficiently smooth function of 8is 
in this case, ¢ and ~, will automatically satisfy the wave equation. 
.2 
For x 
* In general, 8i is complex and defined by solving Eqs. (2.19) . 
• 2 2 2 
+ y < c. t , 
1 
8. 
1 = 
t x + i 
,2 
r 
.2 
and for x 
.2 
+ y 2 2 > c i t , 
e. = 
1 
8. 
1 = 
t x + y 
I 
t x - y 
,2 .2 .2 
r 
.2 
r 
,2 
+ y _ t 2 
·2 c. , 
.2 
+ Y ;... t 2 
2 c. 
1 
(2.20a) 
x < 0 
(2.20b) 
x > 0 
• 
where r = x + y These equations define a mappi.ng of the (x , y , t) 
space into the complex 8i plane . 
• The half space y ~ 0 is mapped into the upper half 81 plane. 
cFigure 3 depicts some features of the m~pping. Briefly, the real 8i axis 
• is the map of the surface y = 0 and the region outside and including the 
* The radical vcj2 - e~ is defined to be positive for e. positive and 
imaginary, with a cut on the real 8i axis from -ci
l to 1 ci. This 
definition is consistent with that of Ref .. [12]. 
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wave front r = c. t. Every value of e. for _c~l < e. < + c~l represents 
1 1 1" 1" 1 
a characteristic plane. The region off the real ei axis corresponds to 
I I 
the area inside the wave front r = ci t. The y = 0 surface maps into 
the real ei axis independently of ci ' a fact essential to the solution .that 
follows. 
The displacements, in terms of the potentials, can be written 
as 
U I 
X = ~+~ ax ay U I Y = ~-~ ay . ax 
or, extending the concept of Eqs. (2.17), 
where 
U I 
X 
* 
* U I 
Y 
= 
ay 
.* 
, 
ay 
, , 
ax 
The derivatives of ei are found from Eqs. (2.19) to be 
ae. 
1 
, 
ax 
e. 
1 
= -, 
0. 
1 
ae. 
1 
I 
ay 
V -2 2 c. - e. = 1 1 , 
0. 
1 
ae. 
1 
at 
U I 
Z = 0 
U I = 0 
z 
1 
, 
O. 
1 
(2.21 ) 
(2.22) 
(2.23) 
(2.24) 
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where 
I I e/Jc-:2 - e~ 0. = -x + y 1 1 1 1 
Hence, 
* 
I 6 I Vb- 2 - 62 
I cp (6 ) -' \}' 2 Ux = + (62) I , I 
0, 
°2 
(2.25) 
* / 
-2 2 
A, a - 61 
= cP ( 6, ) I . U I Y 6 \}' (6) _2_ 2 I 0, 
°2 
where 
In a similar manner the stresses are: 
* {L e1 a I 82 (b-2 + 262 _ 2a-2) ~ x (6) d6 -- = 8t2 l..l 
+ Le2 26Jb-2 - 62 \}' I (e) de} (2.26) 
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* 
T ' , L{f81 y x = 2SJa-2 - 82 <l> (e) de ].l at2 0 
l82 -) + (b-2 _ 2 e2) p (e) d8 J 
(2.27) . 
It is apparent from this discussion that any loading, homogeneous 
in spatial and time coordinates, can be represented by an appropriate 
. . 
integration or differentiation of Eqs. (2.26) depending on the degree of 
homogeneity. In particular, a self-similar. loading,i .e., homogeneous 
boundary tractions of degree zero, is represented by: 
* " u' = 
x e <l> (e) de 
(2.28a) 
* 
* T I I 
Y X 
j.l 
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= 
= (b-2 ~ 2e) ~ (e) de 
= 
I I 
On the surface y = 0, e1 = e2 = e = t/x. Equations (2.28) become: 
(2.28b) 
* U I = 
X 
* U I = 
Y 
* T I I 
Y x 
11 
= 
27 
rt-irs [8<1>' (8)+Jb-2~·82,¥' (8)]dS}dT1 
j 0 .. : 0 
(2.29a) 
2 2 I /' -2 2 I [ ( b - - 2 e ) ¢ (e ) - 2 e 'v b - e '¥ ( e ) ] d e 
(2.29b) 
c [28 ~ fj - 2 - i .<1>' ( 8) + ( b -2 - 282) '¥ ( 8) ] de 
-' 0 
Equations (2.29b) can be solved'for the, potentials'.on the surfaceof'the 
half space., It is not difficult to show that the valve~ of the potentials 
off the surface a~e gi~enby these same expressibnsjsubstituting 9, ~ § 
I I 
and 92 :: § in ,(P and'¥ respectively. This yields: 
R(ef}, 
(2.30) 
where 
and 
, 
1..*, (e) = y 
28 
, 
* T I r (8) = Y x 
is the Rayleigh function. 
A summary of the procedure, as it applies to the self-similar 
traction problem, follows: 
1. 'From the speci fi'ed tracti ons, I..y ' and Ty I X I on the surface 
I 
y = O~ determine the complex stresses by applying the 
Schwarz integral theorem [13J for the half plane. ' The re-
I 
sulting functions can be expressed in terms of t/x or e 
on the boundary. 
i I 
2. Find ¢ and ~ from Eqs. (2.30). 
3. ,Substitute the expressions into Eqs. (2.29). The r~al parts 
of the results after integration determine the stress and 
displacement fields within the half space. 
2.3.3 Solution of the Antiplane Problem 
The antiplane problem is investigated in much the same manner as 
the plane strain problem. Th~ principal difference is that the solution is 
found in terms of a displacement function rather than a potential function. 
The displacement function, w, obeys the relationship 
* w = Re w (82) (2.31 ) 
where 8 2 is defined by Eq. (2.20). Clearly, w represents a self-similar 
29 
displacement field, i.e., a homogeneous displacement function of degree 
zero. In a manner analogous to that of Sec. 2.3.2. the displacement and 
stresses for a self-similar traction problem are found to be 
* U I = 
Z 
* T I I yz 
= 11 
* T I I 
Z X 
= 11 
, 
* w 
*' w (e) e de 
(2.32a) 
(2.32b) . 
The general procedure of Sec. 2.3.2 applies 'equally well to the antiplane, 
prob lem and a rei tera t i on of the steps is u nnecessa ry. ; 
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3. TANGENTIAL SURFACE LOADING Of AN ELASTIC HALF SPACE 
This chapter considers the tangential surface loading of an 
elastic half space bya point load having a step variation in time. As 
mentioned in Chapter 1, Chao [8J treated this problem using Laplace trans-
form techniques and presented results for the displacements on the surface 
and directly beneath the load. Chao's results are verified here as are 
the conclusions of his study of the disturbances near certain wave fronts. 
In addition, new results are presented here for the behavior near the 
wave fronts and surface wave at any point in the medium. Expressions, ,in 
, 
terms of a simple quadrature, are given for the stresses and displacements 
at any point in the half space. 
3.1 The Boundary and Initial Conditions 
3.1.1 Three Dimensions 
* Consider a half ,space subjected to the self-similar stresses 
P 
'I = - zcosw yp 1Ta 
P . 
'Iyw = '~sln w 
1T,a 
(3. 1 ) 
acting over an expanding circular region p ~ a t. This represents a 
disk of loading parallel to the positive x direction with resultant Pt2. 
In the limit as the speed, a, goes to zero, Eqs. (3.1) define the boundary 
tractions for a concentrated load at the origin. 
* See Sec. 2.2.2. 
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3.1.2 The Plane Problems 
It is necessary to determine the plane boundary values corre-
sponding to Eqs. (3.1). It is not difficult to show that performing the 
indicated operations of Eqs. (2.16) leads to the following specification 
of the boundary values for' the plane problems. For the plane strain pro-
blem, 
P . , I I 
= Ix I < a, t Ty X - -22 ..... 
7f a, 
(3.2) 
o I = 0 r , i y I lx/ P 
l' ! Ix' I = - 2 2 > a, t / ,2 2 2 I 7f 0" J \ x - a, t 
and for 'the antiplane case, 
T ! ! 
Y z 
P 
= T2 7f a, 
I Ix ~ a, t 
, (3.3) 
I Ix'l P , ! , 
= 22 I 1 Ix I > a, t 
7T Ci, l /,2 2 2 J ~ x - a, t 
3.2 Determination of the Plane Stress and Displacement Fields 
3 • 2. 1 Pl an eSt r a i n Cas e 
Clearly, Eqs. (3.2) show that Oy' and Ty'x' are self-similar trac-
tions on the surface of the half space and as such can be represented as 
I 
functions of ~ = t/x. The application of the Schwarz integral theorem is' 
'* '* not necessary in this instance since the form of Oy' and Ty'x' can be. 
determi ned by inspection. Take 
* cr I = 0 Y 
It can be eas i 1y shown 
cry I = Re cr Y 
* The derivatives of 0y 
I 
= 0 
* I Ty x I 
that on the 
I * I Ty X I 
and I 1:y x 
I 
I 
* T I I 
Y X 
* 
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p r l 1 = I 1 (3.4) - 2 2 Vl 2 -2 I 1T a 
-' .L 
- a 8 
surface of the half space 
* = Re T I I Y X (3.5) 
with respect to e are 
(3.6) 
The limit of Eqs. (3.6) as a tends to zero represen~the derivatives of the 
tractions for the plane strain problem corresponding to the concentrated 
load of magnit~de P t 2 acting at the origin. 
I 
* T I I 
. Y X = 
P e 
2 (3.7) 
1T 
The potentials for the plane strain problem are determined by Eqs. (2.30), 
2P 
= ~ 
11 1T 
P 
--2 
11 1T 
82 (b-
2
_ 2 8~) 
R (8~) 
where R(82) is the Rayleigh function. 
(3.8) 
I I 
The potentials cp and 't' " when substituted into Eqs. (2.28), 
2 
solve the plane strain analogue to the concentrated load of Pt. How-
ever, the problem of interest ;s a concentrated load which is a step 
function in time. Therefore, the solution is given not by Eqs. (2.28). 
but by the second time derivative of these equations or Eqs.(2.25) and 
(2.26). As a result, the plane strain displacement and stress fields can 
be written as: 
* 
81 I Vb-2 82 I (81) + 2 't' (82) Ux = -,-q; I 
°1 °2 
(3. 9a) 
V -2 .. 82 82 I * a .  1 u I = q; (81 ) - -,- 't' (82) y I 
°1 °2 
* r (b-2 2a-2 + ,(--2 82 I 28 l,/b .. 28i) . -I Ox ~~- 'cp (81) - 2 2 't' (62) ] = i 11 at I I 
°1 °2 \~ 
(b-2 .. 2ei) 
---,--q; 
°1 
* 
r (b-2 .. 2a- 2) 1 
°z 
I , I 
(61) J (3.9b) a · q; = - I- I 11 ati 
°1 
!.. 
.;: .. " ........ " . 
-4., _-\,.,. J..~~, -\ .. i: ....t l:"" i 
* I I 
T:t. x 
II 
* E I 
X 
--
1..1 
r 
~~ "-= 
at L 
3.2.2 Antiplane Case 
34 
28l ,Ja -2 ... 82 (b-2 _ 2 (82l} 282) I 1 (8 l ) -cp '¥ I I 0, " 
°2 
The antiplane problem is solved in precisely the same manner as 
the plane strain case. It is not difficult to show that 
(3.10) 
and that the displacement and stress fields for the concentrated load of 
step time dependence are: 
* 
* U I 
Z 
T I I 
Z X 
1..1 
* • I , 
Ty Z 
1..1 
= 
= 
(3.lla) 
a J 82 *' (82) } at L-' W 
°2 
(3.llb) 
d {AJ'b-
2 
- 8~ (82)} *' at 8 W 
°2 
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3.3 Determination of the Three-Dimensional Displacement and Stress Fields 
3.3.1 Integral Representation of the Fields 
The displacement and stress fields for a concentrated load of 
magnitude P, acting at the origin and varying as a step in time, are found 
. * from Eqs. (2.11), (3.9), and (3.11), 
* 
* u p 
* u 
w 
* 
= 
+ 
= 
u = y 
. \ f I ~Jb -2 82 : (7r i q, (81 ) 8, 
.. Jo l. 
2 I i2 + '¥ ( 82)! cos n dn J 
°1 
O2 
, 
r
TI * (82 ) 
dn} 
w 
. 2 Sln n cos w , 
Jo °2 
, 
(7r W * ( 82) 2 1. I cos n dn j sin w 
. 0' Jo 2 
.
J .. ,r lr 7r.~/a -2 , 8~ 82 , -I J-'" 
IV. ___ q, (81) - s2' '¥ (82)j cos n dn cos w 
L Jo L 01 u (3.12a) 
In the following discussion, the first time integrals of the stresses 
and strains are denoted by their respective upper case letter, I, T, 
or E. Any reference to stress or strain shall be understood to refer 
to these integrals unless specifically stated otherwise. 
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* 
8 \lb-2 8~ J . 
+ 2 - 2~' (8) COS 3 d 
I 2 n n 
. 02 
I 
+ 2 I 2 sin n cos n dn cos w * } l· 'IT r w (82) 8 J 2 o 1_. o~ 
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(3. 12b ) 
( .. 2 . 2 ) b· - 2 82 ' 
. '¥ 
, 
2 
cos n dn 
°2 
l "') 
W*' (82) I cos 2 n dn ~ sin w 
.J J 
I 
= 
* W 
38 
I 
01 
I 
where o. and o. are defined by 
1 1 
o. _. t - p cos n 8. 
- YVc~ 1 1 
I y 8. 1 o. = - p cos n + 1 vci2 - 8~ 1 
8~ = 0 1 
(3.13) 
The stresses and displacements for the concentrated force acting 
at the origin can be determined in a straightforward manner from 
Eqs. (3.12), (3.8), and (3.10). Subsequent sections deal with the evalua-
tion of the indicated integrations for a number of points in the half 
space. It is convenient to transform the variable of integration from n 
to the appropriate 8~. The expressions for the displacements and stresses 
become 
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* u p 
= 
cos w 
+ 
+ 
* u 
w 
sinw -
- - I - _ 2 ~ 
= '- -1--. _ I <l> (e~) G sin n i d e~ 
- c i , J 
, c.. 
= f r- Va-2 : :: G~' C, ~ (8,-) cos n 2 d 8, 
+fJ~1 ~e~~ cos n ] d e~ 
(3.'4a) 
I * r [ (b -2 - -2 . 2 2 I 2·a + 2 8, cos n) <P (8,) cos n] 2 p 
= 
... t 2 8, G, d 81 11 cos W 
1 
r fVb- 2 - 82 \f' I COS3 n] d (82) 82 + 2 
)C2 L G2 
2· 
I [ * (82) sin2 n cos n] d r w 82 + I G2 2 )S 
= 1-1 COSw 
+ 
I * y 
1J cos W 
T yp * 
1J cos W 
= 
+ 
= 
+ 
= 
41 
r r Va -2 - ei cjJ I (e 1) cos2 n Jl d ei 
Jell Gl 
I l[w* (8 2)-Jb-2 ~8~ sin2 n J d 8 2 
282 G2 
2 
C3 
(3. 14b) 
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* 
r- I ( 61) sin 
2 ~ 
Tpw 1 l- 81 q> n cos njd 62 = l-l sin w Gl 1 S 
nl [ [-v'b-2-e~ '¥ (62) . 2 Sln n cos 62 + ld G2 2 C2 J 
[ f-i (62) 2 . 2 ) n] d (cos n - Sln n cos 2 + 62 
C L 2 G2 3 
where 1/2 2 
G. sin n 6. [p 2 6~ (t V -2 6~ ) J = p = -1 1 1 - Y ci - 1 
cos n = [t - y--;j ci2 6~ J/p 6. 1 1 (3.15) 
sin n .= G./p 6. 
11. 
The contours of integrati~n are now described. 
As n varies from 0 to TI, the path.C of Fig. 4 is traced in the 
n 
upper half 6i plane. It is easily verified that the integrands of Eqs. 
(3.14) are analytic off the real 8i axis except on the branch cut intro-
duced by the definition of Gie This cut is taken outward to infinity from 
the bran~h po~nts of 6~ and 6~ as depicted in Fig. 4. The values ~~ and 
6~ of 6i for n = 0 and n = TI, respectively, are the endpoints of the 
contour of integration. By the Cauchy-Goursat theorem.[13], the path C 
n 
may be deformed into any of the paths Ci shown in Fig. 4 without altering 
the result of the integration. In the 6~ plane, equivalent results are 
2 2 
obtained by selecting a pa.th joining 6~ and 6.~ and crossing the real axis 
43 
to the left of the origin. Several permissible contours are sketched in 
Fig. 5. The branch cuts OfJ8~ - c:2 and ~/8~ - c
J
:
2 are taken to the 1 1 . 1 
right of ck2 along the real e~ axiS2 The branch cuts of G; are taken parallel 
1 t u
2 
. . to the rea axis originating at 8i and 8; (see Fig. 5). 
These integrals are evaluated numerically by a procedure outlined 
in Appendix A. An investigation of the solution near the fronts of the 
P, S, and head waves and near the surface of the half space concludes the 
present chapter. The analysis parallels that of Ref. [4]. 
A concise summary of the integrands of the displacements and 
* stresses ;s useful ;~ the analysis. 
* 
= Pi f ( ---z-····)···I~ l.l 7f , C 
'-. j 1 
u p 
·cos w 
+ r I13 (e~) d e~l 
,I c G2 ( 
- 3 J 
* f ~ 2 2 u Pi 121 (81) d· 82 [ 122 (8 2) d 82 w L Jc + sin w = l.l 7f2 (8 2) 2 Gl R 1 G2 R (8 2) 2 1 1 J C2 
r 
2 1 123 (8 2) 
+ d 82 \ (3. 16a) 
iC G2 2 J 
- 3 
* A factor of one-half has been applied to the integrands in order that 
they represent the solution to a load of magnitude P rather than 2P. 
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* 
Lw* ~Pi rr2 { !c 2 IS, (8,) 2 = d 8 1-1 cos w G, R (8f) 1 
1 
1 2 + 1 2 d e~ } + 152 (82) d 82 153 (82) 2 2 G2 G2 R (82) 2 . 3 
L * 4fJ 2 +1 I62 (e~) 2} I61 (8,) d 82 Y = d 8 11 cos W ell R (e~) 1 - - ,? .? 1-1 n- l C G2 R (82) -, 2 
(3.'6b) 
* 
;7{1 2 , ··T 17, (8,) d 82 -.--il._ = 1..1 cos w G, R (8~) , 
1 
J: 
2 [ I73 (e~) 2 } + I72 (82) 2 d 8 + G d 82 G2 R (8~) 2 .... C3 2 2 
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* 
* 
---_ ....• __ .. _-_ .._-_._----,-
where· 
(3.17) 
I (. 2) 2 ,~/ 2-2 23 82 = cos ~4y82 - b 
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I31 (8~) = e1 'e1 - b ",e1 - a ~ 2 -2 j 2 -2 cos 12 
I32 (8~) = ( -2 2 I' 82 b - 2 82) cos n 4 
I4, (8~) = ~ 2 -2 - 8, 8, - b [( -2 -2 2 2 (: b - 2 a + 2 8, cos n)Jcos n 2 
2 j 2 -2 ( -2 2) 3 0 142 (82) = b - 2 82 cos n 2 - 82,\, 82 - b 
nfJe~ - b- 2 2 . 2 I43 (82) = 82 Sln n cos 
151 (82) 1 = - e ~e2 - b-2 1 1 ( -2 -2 2 2 0 b - 2 a + 2 8, sin n) cos n 2 
152 (82) 2 = - e Je2 b- 2 2 2.- -2 2 . 2 ) (b - 2 8Z)sin n cos n 2 
I53 (8~) = . . 2 (2 / 2 -2 - 82 Sln n cos n ~82 - b 
-e1Je2- b-2 161 (82) ( -2, 2) n/2 = b - 2 8, cos 1 , 1 
e2Je~ - b-2 I62 (82) 2 . 2 (: = (b- ~ 2 82) cos n 2 2 
I71 (82) = 2,) 2 -2 /8 2 _ b-2 cos 2 n , - 81 8, - a tv , 
2 2 2 2 2 I' 172 (82) = (b- - 2 82) cos n 4 
2 
sin2 n/4 I73 (82) = 
47 
2 J. 2 ... -2 .; 2 -2 
= .8, 81.- a· ~. 8, - b 
. 2 . Sln n cos n 
. and 
is the Rayl ei gh function. 
, . . ;. 
3.3.2 Disturbances on the Surface of thiHa1f·:Space' 
The fonn of Eqs. (3·.16) and (3.17) simplifies considerably for 
points on the surface of the half space. In this case~ 
8, = 82 = 8 cos n = .80/8 
pie2 2 1-2-T) G, G2 sin n (3. '8) = = -80 = Ai 8 . - 80 e. 
82 a = (t/p)2 
48 
2 2 
The value e~ represents the limits of integration, e~ and et ' separated 
by any branch cuts along the real ax; s. ihe cut for J 82 - 86 ;s taken on 
the real axis to the right of e~. In the following analysis, any path Ci 
of Fig. 6 is an acceptable contour of integration. 
The displacements and stresses can be simplified to: 
* up 
cos w 
* Uw 
sin w 
* U . 
Y 
cos w 
L * p 
1-1 cos w 
I * 
w 
1-1 cos W 
= 
,'-
= P 'i·e 11 1T2 P 
49 
l * 
p {J 161 . 2 2 . e2] Pi· ( 8 -) + 162 (e) d y. = 1-1 cos w 1-1 7f2 R (82) Po C \ - 0 
* 
p {1 ( 82) + I 72 (82) ,.' . 2 ..) T 171 2 I 173 (e) . 2 ~ Iy'p P d = 8 + I . d 8 1-1 cos w 1..I 7f2 R (82) ,je2 _ 82 Jc Je2 ~ e~ ) 0 
* 
r (82 ) ( 82) ( 82) T ) l~ . 181 + 182 e2.+] 183 y"w P ! ,d = 
1..I sin w 2 
P t 
I 
82 l..I7f { R ( 82) J2 82 .C Je2 ..)c 8 - 0 0, 
* 
Tpw = 
11 sin w 
where C is a permissible contour of integration. C1 andC2 of Fig. 6-are 
c h 0 sen fOr the follow i n g a n a 1 y sis. 
d 
As a result of a significant amount of algebraicmani'pulation, 
Eqs. (3.19) can either be evaluated in elementary functions or, in the other 
. , ' . ,.,,* 
cases~ repres~ntedas elliptic integrals of standard form (see Chao [8J). 
However, an estimate of the behavior on the surface can be made by con-
sidering, in greater detail, the integrals in the form given above. The 
* An error in notation is present in Chao's work on p. 564. In·his speci-
ficiation of the elliptit functions, the parameters shb~ld be 
. 2 . 3 T2 - 1 
m = 2 
1 
82 I . > i 
J 
5-0 
integrands of Eqs. (3.19) are analytic in the entire 82 plane with the 
exception of the origin and portions of the positive real axis. The value 
8~ determines the endpoints of the contour of lntegration and represents 
the mapping of the physical point of interest into the 82 plane. A v~lue 
2 1 h -2 d . A of 80 ess t an a etermlnes a point outside the P wave front& s 
expected, all of the displacements and stresses vanish; a fact easily veri-
fied by integrating along the contour Cl of Fig. 6. If 86 is greater than 
a- 2 but le~s than b-2, the point of interest lies between the P and S wave 
fronts. The stresses and displacements vary continuously in this region as 
a result of the nonanalyticity of the integrands between a-2 and b-2. For 
values of 86 greater than b-2, the pOint of interest lies inside the S wave 
front. On this portion, of the real axis, there is a simple pole in those 
integrands involving the Rayleigh function. The pole occurs at the zero 
of the Rayleigh function, 82 = c-2, where c is the Rayleigh wave speed. 
Equations (3.20) summariie the values of the displacements and stresses for 
points on the surface of·the half space. With the exception of uy ' the 
results are obtained by choosing Cl as the 'contour of integration whenever 
2 1 h b- 2 d h 2 h b-2. h 80 is ess t an an C2 w enever 80 is greater t an For uy ' t e 
contour of integration is taken to be Cl for all values of 86. The super-
script R denotes the Rayleigh wave effect, summarized in Eqs. (3.21). 
u 82 < a -2 Q 
= 0 0 cos w (at < p) 
-2 2 2} -2 82 < b-2 Re{ 2 ~i ;;a III (8 ) + 112 (8) . 2 . a < 0 = d 8 
1..1 7T P R (82) /82 - 82 (bt < p < at) 0 \' 0 
Re {2 ,} 'IT p up*R} b-2 < 82 = + 0 
(p < btl 
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u 
86 < a- 2 w = 0 sin w 
(at < p) 
-2 2 2 -2 2 -2 ( fa -'\ a < 80 < b ! 2 Pi 12,(8 ) + 122 (8 ) 
8
2 J = Re <' 2 d \ 
... :82 . (82),/82 -III IT P R 82 (bt < p < at) t- O 0 
I'" 1 b- 2 < 86 
Re j P b-2 *R 
J = (a -2 _ b -2) + u \ 4 11 IT P w i (p < bt) , 
(3.20) 
2 -2 80 < a 
= 0 (at < p) 
(82) (82). 131 + I32 
R (8 2)"./8 2 - 86 
',' 
I -2 2 b-2 
2 J a < 80 < 
d 8 j' 
(bt < p < at) 
lp 2 -2 
0 
80 < a 
= 11 cos W (at < p) 
Re { 2 ~; -2 2 ( 82) " a- 2 < 82 < b-2 fa ~2 I41 (8 ) + 142 82 !) 0 = d I 11 IT P (82) /82 I 2 ) (bt < p < at) 
. 0 R IV - 80 
r P 80 
..... 
b-2 < 86 (b-2 _ 2 a-2} P 80 
1 
*R f 
= Re ~ 211 IT P (a-2 _ b-2) + L '~I 11 IT P P I (p < bt) l \ ) 
lw 
]J cos LLl 
T 
QLLl 
]J sin LLl 
T 
where 
= 
= 
= 
= 
= 
= 
ly. 
yp 
u p 
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e2 < a-2 
0 0 
(at < p) 
( -2 2 (e2) 
d 8
2} 
-2 2 -2 fa a < e < b 
Re ~ 2 ~i IS1 (e ) + I52 ·0 J s2 ill IT p R (82) ~82 - 86 (bt < p < at) '- 0 
ReI P 80 {h-2"'~ '2'" ~i ... 2.~ p eO Iw*R} b-2 2 + + < So l2 II IT P (a-2 _ b-2) II IT p (p < bt) 
s2 < a-2 
0 
0 
(at < p) 
-2 2 2 ~ a-2 < e6 < b-2 
Re {; Pi f,a 191 (S ) + I92 (e) 2 I d 8 J 2 
II IT P 
. 0 R ( 2) / s2 _ e 2 (bt < p < at) S tv 0 
r P 80 -2 T *R 1 b-2 2 a < So Re + l2 II IT P (a-2 _ b-2) pw j p < bt 
= 0 for a'" p 
= Tyw = 0 p "f 0 
= 
(ct < P < btl 
= 0 
*R 
Uw 
*R 
uy 
R' 
L * 
P 
= 
= 
= 
= 
= 
= 
= 
2 Pc 
II 1T 
0 
0 
2 Pc 
]J 1T 
2 Pc 
]J 1T 
0 
2 Pc 
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121 (c-2) + 122 (c-2) 
, 
-2 . / 2 2 2 R (c ),\ p - c t 
82 > ~2 0 c 
(p < ct) 
b -2 . 2 -2 < 80 < c 
(ct< p < btl 
131 (c-2) + 132 (c- 2) 
, (c-2) JC2 t2 _ 2 R i p 
I41 (G- 2) + 142 ·(c-2) 
, 
(C-2) l/p2 _ c 2 t 2 R 
2 -2 8 > c 0 
(p > ct) 
151 (c-2) + 152 (c-2) 
R' (c-2) p2 _ c2 t 2 
2 -2 8 > c o 
= 0 
(p < ct) 
b-2 2-2 ~ < 80 < C 
(ct < p < btl 
(3.21) 
2 -2 80 > c 
(p < ct) 
b-2 2 < 80 < c 
-2 
(ct < p < bt) 
b-2 2 -2 < 80 < c 
(ct< p < btl 
T pw 
and 
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(p < ct) 
b-2 2 -2 < 60 < c 
(ct < p < bt) 
The disturbances near the P and S wave fronts are examined in 
detail in succeeding sections. Behind the S wave front, the character of 
the solution is determined by the effect of the Rayleigh wave. The other 
terms, those without the superscript R, are seen to be smooth in this 
region and to vary inversely with distance from the origin. The quantities 
of Eqs. (3.20), with the exception of u and T ,are singular at the 
, w pw . 
arrival of the surface wave. The vertical displacement has a square root 
singularity after the arrival of the surface wave, while the remaining 
quantities have a square root singularity prior to its arrival. For·l~rge. 
times, the solution approaches the static solution [17J. In fact, all of ' 
the displacements, except the vertical component, and the stresses assume 
their stat~c values immediately after the arrival of the Rayleigh wave. 
The vertical 'displacement approaches the static case asymptotically with 
increasing time. 
3.3.3 Surface Wave Disturbances 
Off the surface of the half space 61 and 62 are no longer equal 
and the simplifications of Sec. 3.3.2 are not applicable. The P and S 
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wave contributions of Eqs. (3.16) must then be treated separately. The 
radial displacement can be expressed as, 
* 
up 
cos CD 
+ 
+ 
r 11, (c-~) d 8
2 
1 I (3.22) 
f J 
I -2) ·2 c-2) I Sf} U, __ l Cl p R ~c (8, - V (81 - ( 81 - 8,) 
r [ I12z'e~) 2 + I13 (82) G2 
../ C
2 
. R (82) G2 
112 (c-2) 
eU) } 
82 2 I (c-2) f8 2 2 J .. 2 
.p R \ 2 - c- ) (82 - 82)(82 2 
2 £2 2 
where C; is a suitable contour in the 81 plane connec.ting 8i and 8~ 
and crossing the real axis to ~he left of the origin (see Fig. 5). Only the 
second and fourth of these integrals vary rapidly near the surface wave. 
Evaluation of these integrals yields 
(3.23) 
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If 8, and 82 are expre~sed in terms of t, y, and ~ (= p - ct), the following 
*R * infinite series approximation for u is obtained. p 
u p = 
+ 
12 Pc 
- I ( -2) ll1T~p.R c I 
III (c- 2) 
iY~l c2/i)1/2 
1/2 
(3.24 a) 
In a similar manner, it can be shown that 
1/2 
___ 3/2 ___ . ___ 3/2 
J'-- I 2 2 + 0 (~ - i y' 1 - c2/ a2) + 0 (~ - i y "/ 1 - c /b ) 
* The symbol 0 denotes order of magnitude. 
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= 
I 
).lIT ip R 
I 2 2 1/2 
+ 0 (... t,: + i y '\11 ... c /b· ) 
= 
O
. • I,· ? .? . 1/2 
+ (t,: .. 'lYV - c"'/b'" ) (3.24b) 
*R [ . -2 . ~2 Pc . 151 (c ) 
Lw = , . . .. ... 2· 1/2 
).l 7T JP R (c~2) (~ ... ;yJ1 ... c2/a ) 
152 (C'-2) l + 2 2 1/2 
+ o (~ ~ ;'YV1 - c /a ) 
(~ ... iy,,/l 2 2 1/2J . ... c/b ) 
+ o (~ .... ;yJl 2 2 1/2 ... c /b ) 
I62 (c -2) . J I 2 2 1/2 ,.-~--:-1/2 + 0 (~- iYV 1 - c /a) . (~ - iyJl - c2/b2) + 
+ 0 (~ - iY~l'- c2/b 2)l/2 
= 
+ 
. / 2 2 3/2 . . / 3/2 
+ 0 (- ~ + i y IVl - c /a) + 0 (- ~ + i y Vl _ c2/b2 ) 
T pw = 
. + 
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p c2 rr 191 ; I 
3/2 <\ II . 2 ! I if!. l.l 7T pi, s 1 n n i! 82 -2 
. l .. L....J I 1 = c 
It is easily verified that Eqs. (3.24) reduce to Eqs. (3.21) on the surface 
of the half space. 
Equations (3.24) show that the Rayleigh wave effect is a function 
of three parameters; the horizontal distance from the applied load,the 
distance from the point of interest to the surface wave, ~, and the distance 
beneath the surface, i.e., the relative values of ~ and y. No attempt has 
been made here to study in detail the displacements and stresses associated 
with the Rayleigh wave as functions of the above three parameters. 
3.3.4 Disturbances near the Front of the P Wave 
An analysis of the disturbances near the fronts of the dilata-
tional and distortional waves is of particular interest in studying the 
behavior of the medium. The first integral of each of Eqs. (3.16) repre-
sents the dilatational wave contribution to the solution, while the second 
* and third represent the distortional wave contribution. In the following 
analyses, the superscripts P and S shall be used to denote these quantities. 
* In some cases, e.g., uy ' there are only two integrals. 
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Consider the stresses and displacements near the front of the P 
wave. In general, the ends of the contour of integration are defined from 
the following equations: j 2 2 _ P + Y _ t 2 Y t a2 . ~t I 
= L------p~2-+-y~2~------J 
22 2 
82 
-2 2 
8, = 8
u 
= = 
a Q 
1 P p2 + Y 2 
t p + iYf'~;2-; i l2 22 
81 = p2 + y2 a J 
. t~· = 
p 
for t < tp 
(3.25) 
for t = t 
P 
for t > tp 
where tp is the arrival time of the P wave at the point of interest and 
27 
8p is the corresponding 81 value. Note that 8~ = 81 ' i.e., the end 
points lie on the same vertical line in the 82 plane. To determine the 
variation of 8~ near the wave front, it is convenient to rewrite it in 
the form: 
. A/2 t ~t + ~t2 
+ Q ~t + lY'VP 
p2 + y2 r (3.26) 
2 
where ~t = t - t. It is apparent that, for small values of ~t, 8~ and 
u2 P-2 
81 lie to the left of a . An examination of the integrands determining 
the P wave contributions to the stresses and displacements reveals them to 
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be analytic on the real axis to the left of a- 2. Hence, any path crossing 
the real axis to the left of a- 2 is an admissible contour of integration; 
2 2 
specifically, the straight line joining 8~ and 8~ is admissible. These 
integrals can be estimated to any required degree of accuracy by expanding 
the integrands in an infinite series and integrating term-wise. The inte-
grands are of two types: 
.~" A (82) ( 1 d G, 
-"" C 
82 1 and r A (sf) G, d sf 
,/ C 
A (Sf) is expanded about s~ and G, about its branch points. 
To illustrate the procedure, consider the radial displacement. 
*p (8 , ) 2 u ( q; cos n 82 p = - d cos w i 4 G, 1 1 
.J C " 
(3.27) 
, 
(8 , ) cos 2 n (82) 
q; 
A = -1 4 
(3.28a) 
Expanding A (8~) about 8~ yields: 
(82 - 2 
A (8i.) (82 82) 
82) 
~ 
+ A2 1 P = AO + A, + 1 - P 2 
(3.28b) 
where 
d A (8i) I 
AO A (8~) A, = = I d82 1 82 = 82 1 p 
A2 = 
d2 "A (8~) 
d (8 2)2 1 82 - 82 1 - p 
(3.28c) 
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It is not difficult to show that G, (8~) can be written as 
'/2 J 2 G, (8~) = (p2 + y2) (a-2 - 8~ 
,...---.".,------".. 1 / 2 
- Ja- 2 - ei) (Ja- 2 - e~ 
. __ -....",..1/2 
I 2 
A I -2 ~) 
'v a - 8, 
(3.29) 
2 
It is apparent from Eqs. (3.29) that G, (8~) is zero at 8f = 8~ and 
2 Q,2 J 2 2 2 8, = 81 . Expanding the first a- - 8, about 8~ and the second about 
9.,2 . 8, Yle'ds: 
? ?' /2 2 2 ' /2 
_ (p- + y-) [(e~ - e~)(e~ - ef )] [ 1 
2 2 2 9.,2 1/4 
2 [( a - - 8~ ) (a - - 81 )] 
2 
(821 - 8
u
l ) + 1 4 2 
. (a -2 - 8~ ) 
(3.30) 
. 2 2 2 .., 1/2 
+ 0 (e~ - e~) + 0 (e~ - e~2) J 
The infinite series approximation of the displacements and stresses 
can now be determined by a term-by-term integration of 
or 
The results are: 
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2 2 1/4 
[( -2 u) (-2 i)] ~ 2 a ... 8, a.- 8, . 
2 2 1/2 ~ AO 'IT 
(p + Y ) I 
'/2 
I 
i 
(p 2+ .y2) AO 'IT u2 2 2 A ( e2,) G, ( 8.2,) d·· .e2, -- ( 8 8£ ) 
n 2 ~2 1/4 -8- , - , 
For the radial displacement, 
u p 
cos w 
2 [(a-L - 8~ ) (a- 2 - sf )] 
2 23 
+. 0 (8~ - 8~ ) 
= 0 t < t 
P 
2 . 2 '/4 
[( -2 u) ( -2 . i)] [ 2 . a -. Bl a - Bl . 
- , /2 Ao 'IT 
(p2 + y2) 
2 2 
I 8, + 8~ -2 82 \ 
+ A, 'IT ! P )1 I 2 \ 
(3.32) 
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To determine the variation with time of the radial displacement, express 
Q,2 u2 
Sl and 81 as functions of p, y, t, and tp utilizing Eqs. (3.25) and 
(3.26). The result of this substitution is: 
where 
u p 
. cos w = 0 t < t P 
(3.33a) 
t > t ~ P 
The additional terms can easily be found from Eqs. (3.25), (3.26), and (3.32). 
In precisely the same manner, the variation with time of the re-
maining stresses and displacements near the P wave front is found to be: 
/-2 2 
- TrYAia - S 
Ii P 
- <P 2 . 2 1/2 
2 p(p + y ) 
l-l cos W 
( -2 2 -2) 
_ TrY b + 2 Sp - 2 a 
2 2 1/2 <P (Sp) + 0 (t - t p) 
2 p (p + y ) 
(3.33b) 
I *p 
w 
l..lCOS w 
l..l cosw 
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( -2 ,-2~" rry b - 2 a ,¢ () '( ') 
- 2 2 11 8p + a t - t~ 
2 p (p + y. ) 
( '-2 2) rry b - 8 , 
P ¢ 
221/2 
2 p (p + y ) 
/ -2 82 rrYr.!a -
_
·v p~1 
a 1 .... 2,:1. ',,2 \ \ f-I I:J J 
- ~ (8p) + 0 (t ~ t p) 
It is obvious that the first tenn of the series can be evaluated without 
computation once the plane strain 'problem has been solved. 
The character of the disturbances just behind the P wave front 
can be summarized as follows: 
1. The radial and vertical displacements experience a 
ste~ discontinuity upon the arrival of the P wave and 
vary linearly with time after its arrival. The 'cir-
cumferential displacement behaves continuously at the 
arrival of the P wave, increasing linearly with time 
after its arrival .. 
66 
2. The rate at which the disturbances increase with time 
for a point behind the wave front is inversely propor-
tional to the distance from the point to the origin. 
3. The actual stresses can be found by differentiating 
Eqs. (3.33) with respect to time. The result lends 
itself to an analysis similar to that just given for 
the displacements. 
3.3.5 Disturbances near the Fronts of the 5 and Head Waves 
For the h~lf space problem under consideration, the front of the 
distortional phase of the disturbance is given by: 
2 + 2 p y 
-2 
a = t for 
for 
Q > y 
Q < 
y 
(3.34) 
b 
The first expression defines the head wave front; the second the 5 wave 
front. Their relative positions are shown schematically in Fig. 7. 
The distortional portion of the solution is given by the second 
and third integrals of each of Eqs. (3.16). The ends of the contour of 
integration are defined by 
i /2 2 t~2 
.Q,2 . 2 -fP -YQ b~ :L. -
82 = 8
u 
- 2 2 t < ts 2 p + Y j 
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£2 2 2 b-2 
82 = e
U 
= 
p' 
.t = ts (3.35) 2 2 2 p + y 
i yJt2 Q2 + iJ 2 p 6. t + £2 b2 82 = 8s + 2 t· > ts 2 p + y 
where ts is the arrival time of the S wave, 8s is the corresponding 82 
u2 . £2 
value, and 6.t = t - ts. As in the P wave case, 82 = 82 , The value of 
8~ is always less than or equal to b- 2. It is not difficult to show that 
82 is also less than a- 2 when no head wave passes through the paint of 
s 
interest and between a- 2 and b~2 if a head wave does pass through the 
point. 
If no head wave passes through the point in question, for small 
£2 u2 2 
values of 6.t, 82 and 82 lie to the left of a- ~ This case is similar to 
that of the P wave front with the exception of a singularity at the origin 
in the integrands of Eqs.(3.16)~ The contour of integration must, there-
fore, be a path encompassing the origin such as C3 of Fig. 5. .It is a 
simple matter, however, to prove that the net cdntribution of the integral 
along t~e real axis and encircling ~he origin is zero. Hence, the vertical 
line joining the upper and lower limits of integration is selected as the 
contour of integration and in a manner parallel to that of Sec. 3.3.4, 
the di sturbances near the ,front of the S wave are found to be: 
l.l cos l..U 
l.l cos l..U 
l.l cos l..U 
I 
* + 'IT .Y w (8) 
- s 
I 
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+ 'IT y '¥ (8) 
= 2 b (p2 + Y~' + 0 (t - tsl 
= 
= 
= + 0 (t - t ) 
s 
(3.36) 
T 
YP 
l-l cos w 
*s 
T 
-'-~ 
l-l sin w 
T 
= 
= 
pw = 
l-l sin w 
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+ TI Y (b-2 - 2 82) ~ (8) 
______ ....;::.S-::--:-:;::---__...S_ + 0 (t - t ) 
2 2 1/2 s 
2 p (p + y ) 
! -2 82 TI Y 1\/ b - s 
2 p (p2 + y2) 
I 
* 
* w 
1/2 
I 
(8 ) 
s 
+ 
-1TYW (8
s
) 
2 2 + 0 (t - t s ) 2 b (p + y ) 
0 (t - t s ) 
If a head wave passes through the point of interest, it will do 
so before the S wave. During the time when the point lies between the 
head- and S-wave fronts, the ends of the contour of integration are real, 
equal, and lie between 8~ and a- 2; their values determined by the first 
of Eqs. (3.35). 
The second and third integrals of each of Eqs. (3.16) define 
the distortional part of the solution. As in the study of theS wave 
front, integration along the real axis from a- 2 to and around the origin 
adds nothing to the solution. It is also apparent that the third integral 
in each equation is analytic to the left of b- 2. Hence, it contributes 
nothing to the solution. The head wave disturbance is defined, therefore, 
by the second integrals integrated along a path just above the real axis 
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t 2 -2 -2 u2 from 82 to a ,just below the real axis from a to 82 ' and a circle 
-2 about a . 
To the right of a-2, the radical ~a-2 - 8~ is defined to be 
negative imaginary on the path above the real axis and positive imaginary 
on the path below. The Rayleigh function is then complex in this region. 
It is convenient to perform the calculation by rationalizing the de-
nominators of the integrands, multiplying both the numerator and denomi-
nator by the complex conjugate of the Rayleigh function. 
To illustrate the calculation, consider the radial displacement . 
... H 
up 
cos w = 
p 
- 2 
411 rr 
p. 
2 4 11 rr 
i P 
- --2 
11 rr J 
c 
_ ..... -
f ~b-2 - 8~ (b-2 - 2 8~)3 cos 2 n d 82 Jc G2 (8~) R (8~) If (8~) 2 
(3.37) 
The integrand of the first term is analytic to the left of b-2 and, hence, 
the integral is zero. The character of the radial displacement near the 
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head wave front is determined from a study of the integral 
? - _? ? - ? ? - I? _ .... ? ... ?
82 (b-'- 82) (b='- - 2 82)V82 - a cos n ------~----~----~--------------d 82 
G2 (8~) R (8~) R (8~) 2 
(3.28) 
where the contour of integration is the same as before. It is not difficult to 
show that the contributions to the integral of the upper and lower paths 
are equal. Hence, the solution can be found by doubling the value obtained 
for integrating along the upper path. 
To perform the calculation, the integrand is expanded in an 
infinite series and integrated term-wise. Expanding G2 (8~) asymptotically 2 
about 8~ yields 
2 1/2 2 2 1/2 (8 2 
2 
G2 (82) - i (p2 + y2) (8~ 82) [BO + Bl ei ) 2 - 2 
+ . . . ]1/2 (3.39) 
BO = 
yt 
(p2 + i) Jb-2 - i 2 82 
= 
- ty 
2 2 2 n2 3/2 4 (p + y ) (b- - 82 ) 
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The integral under investigation becomes 
u p 
cos w 
where 
= 
... 2 Pi 
2 
II 'IT 
e~ (b-2 ... e~) (b-2 - 2 e~) cos 2 n 
R (e~) R (e~) 
(3.40) 
(3.4la) 
In the region under consideration, the character of the dis-
turbances is dependent upon a point1s proximity to the S wave front. 
For a point not near the S wave front, A (e~) is expanded about a-2. 
(3.4lb) 
The indicated integratio~· when carried out gives 
. + 
2 
By the use of Eq. (3.35), the following approximation for (e~ a-2) near 
the front of the head wave is obtained, 
(3.43) 
where tH is the arrival time of the head wave. 
73 
Hence, the variation with time of the radial displacement near 
the front of the head wave is: 
where 
H 
* u p 
cos w 
c p 
= 0 for 
(3.44a) 
, 3/2 
= 4 P a-3 (b-2 .. a- 2) 1 
11 tr 2 2 3 B 1/2 2 1 ( b .. .. 2 a - ) 0 .. ,J b .. 2 - a - p + y a-
The other displacements and stresses can be studied in the same manner. 
The ci rcumferenti al and verti cal di spl acements 'vary near the front of the 
head wave as follows: 
*H 2 2 1/2 u 2 '. 3 w .... C (t - t H) (p + Y..) . + 0 (t .. t H) sin w w 2 p 
H (3.44b) 
* uy (t .. t H) 2 
- Cy 1/2+ 0 (t - t H) cos w (p2 + y2) 
where 
2 
C ~ B 1/2 (b-2 .. a-2) a-2 1 = 
-2 -1 ] 2 w )l 'IT 0 22 3 [ '2 W - 2 a -) - pyb - - a + y a 
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... 4 1 I -2 -2 
- 4 P a 'vb - a 1 
~ TI . 2 2 3 8 1/2 AI 2 2 1 (b- - 2 a-) 0 - pvb- - a- + y a-
If the point of interest is near the S wave front, i.e., if 
2 8~ is near 8~, the radial and vertical displacements possess a logarit~mic 
·22 
singularity. To examine these displacements, expand G2 (82) and A (82) 
2 
about 8s ' Hence, 
, 11'"1 ,.., 1/2· 
2 2 I/t. 2 2 2 2.j' (p + y) (8 - 8 ) [8 + 0 (8 - 8 ) ] 
s 2 1 2 s 
(3.45) 
(3.46 ) 
where 
= 
-' ", .... ,-ty·· 
The result of performing the integration of Eq. (3.40) and taking the limit 
.Q,2 ,2 
as 82 approaches 8s is: 
u. p 
cos w 
where 
- C p 1n (3.47a) 
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and the superscript L denotes the logarithmically singular portion. In 
precisely the same manner, 
*L 
u 
w 0 sin w -
(3.47b) 
*L 
uy [1 bt i C ln J -cos w y Vp2 + y2 J 
where 
Pi 
Cy = - ~ 2 2 1/2 
~ 'IT (p + Y ) 
The character of the disturbances neai the fronts of the S- and 
head-waves can be summarized as follows: 
-1 -.- --In--tne reg-fa n-Of-fne-50-ay-nOtfflTlue n cea-by-the-head------- wa-ve , 
the displacements experience a step discontinuity upon 
the arrival of the S wave and vary linearly with time after 
its arrival. As in the P wave case, the rate at which the 
disturbances increase with time for a point behind the 
wave front is ihversely proportional to the distance from 
the point to the origin. 
2. Near the front of the head wave, the displacements vary 
continuously. The radial and vertical displacements in-
crease linearly with time; the circumferential displacement 
varies quadratically. 
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3. After the passing of the head wave front, points within 
the body experience a significant increase in the radial 
and vertical displacements. The displacements vary as 
the logarithm of the distance from the point to the S wave 
front. Points on the surface are, however, not affected 
by this. 
4. An analysis similar to that just given for the displace-
ments could be performed on the stresses. 
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4. INTERIOR LOADING PARALLEL TO THE SURFACE OF AN ELASTIC HALF SPACE 
4.1 General Remarks 
The dynamic loading of an elastic half space by a point force 
that varies as a step function in time and is applied beneath and parallel 
to the surface is considered in this chapter. The extension to any time 
or space variation of the load is a simple matter. From this solution, 
it is possible to construct dislocation solutions used in simulating 
earthquake motions caused by a strike-slip of limited extent. 
Chao [8J formulated the solution to this general problem using 
Laplace transform techniques. However, explicit expressions for the motion 
of the half space were not found until Aggarwal and Ablow [9J, by extending 
the Bateman-Pekeris theorem, presented formulas for the displacements on 
the surface due to the buried load. In this chapter, expressions, in 
terms of a simple quadrature, are derived for the stresses and displacements 
throughout the half space~ The character of the disturbances near the 
wave fronts is studied and a time history of the displacements at several 
points within the half space is presented. The solutions near the wave 
fronts are seen to reduce to those of Aggarwal and Ablow on the surface of 
the half space. 
A diagram of the half space being considered is shown in Fig. 8. 
The load is applied parallel to the x axis at a depth y =-yo beneath the 
free .surface, the y = 0 plane. 
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4.2 The Point Load in an Infinite Medium 
The disturbances generated by a point load applied beneath the 
surface of the half space and those found by considering a point load in 
an infinite medium are identical before the free surface is set in motion. 
Subsequently, the behavior of the body is determined by superposing the 
incident disturbances and their reflected counterparts arising on the 
free surface. 
4.2.1 The Boundary and Initial Conditions 
The stres$es and displacements produced by a point load applied 
in an infinite medium are found by considering the two half spaces of 
* Fig. 9. The lower half space is subjected to the self-similar stresses 
L . = - P 2 cos W 
yp 2 1T CY. 
L = P 2 sin w 
yw 2 1T ex, 
(4.1) 
acting oVer an expanding ~ircular region p ~ CY. t. The resultant of these 
stresses is a force of magnitude Pt2/2 acting in the positive x direction. 
In the limit as the speed, CY., goes to zero, Eqs.(4.1)define the boundary 
tractions for a concentrated load. In contrast to the case of a surficial 
loading, no restriction on the normal stress is imposed. However, the 
vertical displacement is taken to be zero, by symmetry, along the boundary 
of the half space. 
u = 0 (4.2) y 
It is easy to show that the conditions Lyw = Lyp = uy = 0 on y = 0 give 
* See Sec. 2.2.2. 
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symmetry and continuity of u , u , and cr. A similar set of boundary p w y 
conditions can be obtained for the upper half space. It is clear that 
considering the two half spaces joined is equivalent to studying the point 
loading of an infinite medium. 
The corresponding boundary values for the plane problems are 
determined from the second of Eqs.(2. l6)and the third of Eqs.(2. 11).· The 
results on the boundary of the lower half space a·re: 
for the plane strain problem: 
[, I 1 p Ix I 
I 
= 
- 2 2 Ix I > a. t (4.3) 2 7f a. {x.2 2 t 2 x - a. 
U I = 0 
Y 
for the antiplane problem: 
p 
= 
2 2 2 7f a. 
I 
Ix I < a. t 
" 
(4.4) 
p 
= 
2· 2 2 7f a. 
I Ix I > a. t 
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4.2.2 The Stresses and Displacements 
The complex boundary values can again be determined, as in 
Chapter 3, by inspection . 
* T I I 
Y X 
* T I I 
Y z 
= 0 
. p [1 
2 22 IT a 2 
- a 
(4.5a) 
(4.5b) 
where e = t/x on the boundary. The derivatives of these quantities with 
respect to e are: 
I 
* T I I 
Y x 
* uy 
I 
I 
* T I I 
Y z 
p. e 
= +--
2 7T2 
= 0 
p e 
= ..; 2 7T2 
(1 
1 
2 2 3/2 
- a e) 
2 2 3/2 (1 - a e) 
(4.6a) 
(4.6b) 
It is not difficult to show that Eqs. (4.6)apply equally to the 
upper half space problem of Fig. 9 when a suitable definition of the radical 
81 
* is made. The limit of Eqs .. (4.6)as a tends to zero represents 
the derivatives of the boundary values for the plane strain and antip1ane 
problems corresponding to a concentrated load of magnitude Pt2 acting in an 
infinite medium. The limit of \/1 - a 2 82 as a tends to zero is -1 when 
approached from the lower half 8 plane and +1 when approached from the 
upper half 8 plane. 
Expressions for the potentials that solve the plane strain and 
antip1ane problems are found from Eqs. (2.29)and~.3l~ In the lower half 8 
plane, the potentials are: 
(4.7a) 
(4.7b) 
where 81 and 82 are defined implicitly by 
01 = t - 81 x (y - yo}Ja-
2 82 1 = 0 
(4.8) 
(y - YO}Jb-2 2 0 82 = 
It is obvious that 81 and 82 parametrize the characteristic surfaces through 
the point (0, Yo' 0) rather than the origin. The advantage of this 
* The radical 'Jl a2 82 is defined to be positivT for 8 positive and imaginary, with a cut on the real 8 axis from -a- to +a-1. 
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4.3 Disturbances Generated by Reflection at the Free Surface 
4.3.1 General Remarks 
When the disturbances generated by a point load within the body 
reach the free surface, reflected waves are produced. Prior to this time, 
the motions of the body are determined entirely by the incident potentials. 
However, after the incident waves reach the surface, the motions are 
described by the superposition of the incident and reflected disturbances. 
Expressions for the reflected disturbances are derived in this section. 
The phenomenon of reflection is treated in the uncoupled two~ 
* dimensional state, i.e., three two-dimensional problems are solved: 
1. The reflected P and SV waves due to an incident P wave; 
_ ... _ ...... _ .. _ ......... _. -2·-;--The-ref-l e-cted--P·- and-·S-V-wave·s--c:lue-to -an---i n-ctdent-SV-WcfVe-;-
3. The reflected SH wave due to an inci~ent SH wave. 
The solution to the three~dimensional problem is then found by rotationally 
superposing each of the incident and reflected disturbances. The plane 
fields are of course unique. Their rotational superposition is, hence, 
the unique solution to the problem of interest, since superposing the 
plane boundary values leads to the imposed conditions in three dimensions. 
The following analysis is applicable to both the stresses and 
the displacements as in Chapter 3. However, only the displacements are 
discussed in detail in the succeeding text. The integral representation 
of the stresses is provided in Appendix B. 
* See Refs. [10] and [11] for a similar treatment of the axisymmetric 
prob 1 em. . 
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representation of 8i will become apparent in the succeeding sections. Equa-
tions 4.8 can be solved for 8i . Hence, for [x· 2 + (y - YO)2J 1/2)£. ci t, 
I .2 2 
I 
i ~/t2 x + (y - YO) t x + (y - YO) 
c. 2 
8. ¥ 1 (4.9b) = 
,2 1 2 
x + (y 
- YO) 
I 
The mapping of the (x , y, t) space into the complex 8. plane is discussed 
1 I 
.. * in Sec. 4.3. In what follows, the quantities ~l' ~2' and w2 will be re-
ferred to as the incident potentials. 
The stresses and displacements throughout the medium can be found 
in a manner parallel to that of Chapter 3 with (y - YO) replacing y and 
appropriate changes in the derivatives of 0i and 8iD Explicit expressions 
are listed in the succeeding sections. 
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4.3.2 Incident P Wave 
In general, a P wave incident on a free surface generates both 
dilatational and distortional disturbances, their geophysical designation 
being PP and PS waves. Although this reflection is not itself self-similar, 
it can be treated by combining a number of self-similar potentials. 
4.302. 1 Method of Solution 
The solution is found fn terms of the reflected potentials CPll 
and ~l where 
tl-2l = Re \f/2l (8 21 ) (4.10) 
The variables 811 and 821 are defined implicitly by: 
* 
= 0 
(4.11) 
Several observations concerning .811 and 821 are made at this point: 
* 1. The values of 81 , 811 , and 821 are identical on the 
y = 0 surface. 
2. The analogy between 811 and 81 is apparent, 811 
parametrizes the characteristic surfaces through the 
image point of (0, Yo' 0), i.e., (0, -YO' 0) .. The 
first of Eqs.(4.11)can easily be solved for 811 . 
• 2 2 2 2 For 'x + (y + yO) < at, 
See Eq. (4.8). 
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I 
t x 
(4.l2a) 811 = 12 2 
x + (y + YO) 
.2 2 2 2 
and for x + (y +YO) ~ at, 
I I 12 2 
I "1 x + (Y + YO) 2 
811 
= t x - (y + YO) 1\ / - t 
,.2 2 for x > 0 
x + (y + YO) 
(4.l2b) 
I 
t x + (y + YO) 
= 
I + (y + YO)2 
a2 for x < 0 
The variable 811 represents a disturbance traveling in 
the medium at speed a, the dilatational wave speed. 
3. Although no simple physical interpretation for 821 is 
available, the form is obviously developed by seeking 
'a common value of all the 8 1s on y = 0 while retaining 
the genera 1 form of Eq. (2. 18). It is apparent that 821 
represents a_disturbance traveling at speed b, the 
distortional wave speed. The second of Eqs.(4.ll)is 
in a complicated nonlinear form. Hence, the values 
of 821 for points off the y = 0 surface are found 
numerically in the study that follows. 
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A typical wave front pattern for the P, PP, and PS disturbances 
is shown in Fig. 10. The frontal surface is, in each instance, the 
envelope of the characteristic planes. In the case of the P and PP waves, 
the fronts are circular cylinders with centers at y = Yo and y = -yO' 
respectively. The front of the PS wave is also a cylinder. Its co-
ordinates are determined by solving the two nonlinear, simultaneous 
equations which define the envelope of its characteristic planes. The 
numerical technique used to solve these equations is discussed in 
Appendix A. 
I 
The (x , y, t) space is mapped into the complex el , el " and 
e2, planes. Before reflection occurs, ell and e2l are not considered and 
the entire 81 plane is covered in a manner similar to that discussed in 
Sec. 2.3.2. The features of the mapping after reflection are depicted 
in Figs. 11, 12, and 13. The curve C corresponds to the bounding surface 
o 
y = 0 in the three complex planes. The region of interest lies outside 
Co for 81 and inside for 811 and 821 . The mapping of several typical points 
into the complex plane is also sketched. 
4.3.2.2 Determination of the Plane Displacement Field 
The values of wll and 0/21 are found by applying the conditions 
of a stress free y = 0 surface. In a manner similar to that of Sec. 2.3.2, 
taking into account appropriate changes in the o's, e's, and their deriva-
tives, it is possible to show that: 
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I*' (8, 
(b- 2 - 2 82)~~(8)d8 
( 8" 
2 2 I . I ~ = + I (b- - 2 8 )~l,(e)de 11 )0 ...... 0 
:r 82, 
Vb- 2 - -2 I + 28 e \}I21(e)de i 
'-:0 
(4.13) 
r 8, 
28, Va-r2_ e2 ~~(e)de -
(" ell 
= 
On the boundary, 8, = ell = e2l = e and Eqs. (4. 13) ,when set equal 
to zero can be solved for the reflected potentials. The result is: 
, 
~'1 (6') 
(4. '4) 
where R Ce2) is the Rayl ei gh functi on. 
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I I 
The values of ~ll and ~21 are uniquely determined in the region 
of interest by their specification along the arc CO. ['3],sketched in 
Figs. 12 and 13 .. Hence, 
22 2 '·:;2 Jb- 2 - 2 _(b- 2 _ 2 I 2 8'1) + 4 811 \fa - 8" 81, I (Pll(8,,) = 2 CP1 (81, ) 
R (8'1) 
(4.15) 
4 821 
( -2 2 ) ,,/';-2_ 2 I b - 2 821 821 I 
'¥21(82 ,) = - CPl(8 21 ) 2 R (821 ) 
It is not difficult to show that the plane strain displacement 
field for the incident P wave and its reflected counterparts is given by: 
* U I 
X 
* U I 
Y 
where 
= 
J .. 2 82 a - 1 
i 
°1 
dOl 
as ' 1 
(4.16) 
I dOll 
o = and 11 d811' 
4.3.3 Incident SV Wave 
An SV wave incident on a free surface generates both dilatational 
and distortional disturbances as the P wave did. The principal difference 
in the two instances ;s the formation of head waves and surface components 
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of the reflected P wave in the present case. The geophysical designation 
of SP and SS for the reflected waves is used in the succeeding sections. 
4.3.3. 1 Method of Solution 
The solution is found in terms of the reflected potentials ¢12 
and 1iJ22 where 
(4.17) 
The variables 8i2 and 822 are defined implicitly by: 
2 812 = 0 
(4. 18) 
* The following observations concerning the character of 82, 
'812 , and 822 are like those of Sec. 4.3.2.1: 
* 
1. The values of 82, 812, and 822 are identical on the 
y = 0 surface. 
2. The variable 822 parametrizes the characteristic 
surfaces throug~ the point (0, -Yo' 0) and represents 
a disturbance traveling at speed b. 
Explicit expressions for 822 are: 
See Eq. (4.8). 
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for x,2 + (y + YO)2 ~ b2 t 2, 
,2 
+ (y + Yo)2 I x 
t x - i (y + YO) 
b2 822 = ,2 
(y + Yo)2 x + 
(4.l9a) 
,2 
+ (y + YO)2 > b2 t 2 and for x 
J ,2 ., . ,2 
I x ~ IY + YO) 2 
t x 
- (y + YO) 2 - t 
822 
b for > 0 = 
,2 x 
x + (y + YO)2 
(4.19b) 
.2 
+ (y + Yo)2 x 
_ t 2 t x + (y + YO) 
b2 
= 
,2 for x .< 0 
x + (y + YO)2 
3. The expression determining 812 is found by seeking a wave 
of speed a, the dilatational speed, that has the correct 
. value of 8 on y = O. The values of 812 off the y = 0 
surface are found numerically as in the case of 821 . 
A study of the fronts of the reflected waves is divided into two 
cases which are determined by the angle of incidence of the'S wave with 
the free surface. When the angle of incidence, f of Fig. 14, is greater 
than arccos (b/a), the wave front pattern is as sketched in Fig. 14. The 
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range of influence of the 5, 55, and 5P waves on the surface of the half 
space is identical. As f decreases below arccos (b/a), the SP wave is a 
surface phenomenon [18J. A head wave is formed as shown in Fig. 15. The 
character of the disturbances with these waves is examined in later sec-
tions. 
I 
The (x , y, t) space is mapped into the 82, 822 , and 812 planes 
in a manner similar to that of Sec. 4.3.2.1. Before the S wave reaches 
the free surface, 822 and 812 are not considered and the entire 82 plane 
is covered. After reflectiDn, all three complex planes are considered. 
The two cases for values of f discussed above possess distinguishing 
characteristics in the complex plane. The value of e corresponding 
the intersection of the 5 wave front and the free surface is real and 
fel < a -1 for f > arccos (b/a) 
/el -1 for f arccos (b/a) = a = 
lei > a -1 for f < arccos (b/a) 
The two situations are depicted in Figs. 16 through 21. Note that C 
o 
to 
is the map of the free surface and it bounds the regions of interest in 
the same way as in the 81, 8l i' and 821 planes. The mapping of several 
typical points off the free surface is also shown. 
The study of the head wave effects of the surficial loading 
(Sec. 3~3.5) leads one to surmise that the character of ¢12 and $22 
changes at lei = a- l . This is shown to be true in what follows. 
Metz Reference Room 
Civil Engineering Department 
BI06 C. E. Building 
University of Illinois 
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4.3.3.2 Determination of the Plane Displacement Field 
The values of ~12 and 1./JZ2 are found by applying the conditio'ns 
of a stress free y = 0 surface. The boundary tractions can b~ written as: 
+ 
(4.20) 
* T I I 
Y x 
11 
+ 
In precisely the same manner 'as in Sec. 4.3.2.2, the reflected potentials 
are determined to be: 
4 e 1 2 ( b" 2 - 2 e~ 2 ) Vb -2 - e f 2 
R (ef2) 
(4.21) 
93 
where R (8 2) is the Rayleigh function. 
It is easy to show that the plane strain displacement field-for 
the incident SV wave and its reflected counterparts is given by: 
where 
* U I 
X 
* U I 
Y 
a012 
= --, 
a8 l2 . 
4.3.4 Incident SH Wave 
(4.22) 
and 
The SH wave incident on a free surface is much simpler to treat 
than the two preceding cases; only one reflected wave of SH type is 
generated. The method of solution is consistent with the previous work. 
The incident potential, w2, and the reflected potential, w22 , are: 
(4.23) 
where 82 and 822 are defined in Sec. 4.3.3. The wave front pattern is 
that of Fig. 14 with the SP front deleted; also no head wave exists in 
* this case. The function w22 is found by setting the boundary traction for 
the antip1ane problem equal to zero. Hence, 
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* J6 2 I T I I Y z 
= w; (e) Vb- 2 - 6 2 d 8 
II 0 
( 822 I 
* ., I. _? ? 
+ Jo W22 (8) Vb - -
8- d8 (4.24) 
and 
I I 
* * W22 (822) = + w2 (822 ) (4.25) 
The antiplane displacement for the incident and reflected SH 
wave is given by: 
I I 
* * 
* 
w2 (82) W22 ( 822 ) u
z 
I 
= (4.26) 
°2 °22 
4.4 Determination of the Three Dimensional Stress and Displacement Fields 
4.4.1 Integral Representation of the Fields 
The displacement field for a concentrated load of magnitude P 
acting at y = Yo and varying ,as a step function in time can be obtained 
without difficulty from Eqs. (2.11),(4.16),(4.22) and(4.26). The result is: 
* up 
cos w 
cos 2 n dn 
812 I T <I>12 
12 
= 
Vb- 2 82 t'Jb -2 _ 2 ~~2 J (4.27) - 2 + 822 . 2 . d i '¥2 •• Sln n n 
°2 01"11"1 LL 
,-
, , 1 
r 1T * 
W;2 J I I w2 2 Jo l~ + ~. cos n dn 
* (1frJ -2 82 V/a-2 - 8~ 1 uy 821' , \ a- 1 cP = J I 0; CPll -,- '¥21 cos w . 1 
°'1 °2' o L., 
where the o's and their derivatives are deter~ined from Eqs. (4.8),(4.11), 
I 
and(4. l~with x replaced by p cos n. Of course, the terms due to the 
reflected potentials are ignored prior to the incident waves reaching 
the free surface. 
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The displacements can be found in a straightforward manner from 
Eqs. (4.15-.),(4.21),(4.25) 'and(4.27). In this study, the variable of integra-
ti on is transformed from n to the appropri ate 8 va' ue. The e~pressi ons 
for the dispiacements become: 
* [ I cos 2 1 2 u ... 8, W, n - 8'1 wl' cos n p = d 8, + d 8" cos w G, Gi , , C" 
Jb-2 -Vb- 2 2 i 1 2 I 2 +1 2 82, \f'21 cos n - 82 P2 cos n + G21 d 821 G2 d 82 C2, C2 
1 2 1 Vb- 2, - 2 I. 2 - 812 w12 cos n 822 '1'22 cos n + G12 d 812 + G22 d 822 C12 C22 
I I 
+1 * sin 2 n f * . 2 - w2 - w22 S1n n G2 'd 82 + G22 d 822 C2 C22 
* u 
w 
sin w = 1 I 2 I .2 , + 81 cI>, si n n 1 + 8'1 <P l , S1 n n Gl d 8, + G'l' d8" C, C'l 
+ 
* Uy 
+ 
+ 
+ 
cos w 
+ 
+ 
where 
G. = 1 
cos n 
f 
C22 
J; 
2 
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+ \/b-2 - 8~ ~~ sin2 n 
G
2 
d 82 
-Vb- 2 - 2' 2 822 ~22 sin n d 822 G22 
I I 
* cos 2 n J * 2 w2 w22 cos n G2 d 82 + G22 C22 d 822 
= f C, 
A I -2 2 I 
- IV a - 8, <P, cos n 
G, d 8, + 
I 
I 
+1 I 821 ~2' cos n 82 ~2 cos n G2, d 821 G d 82 C2, C2 2 
1; rJ ~2 
2 I r I a - 8'2 ~12cOS n 822 ~22 cos n 
G12 
d 812 + J G22 
-)C 
12 22 
. - 1/2 
p sin n 8. = [p2 e~ - (t _ (y - Yo)rJc~ - e~ )~J . 1 
V 2 2 for t - (y - YO) ci - 8; G. 
= sin n 1 = 
p 8i p 8; 
cos n 
d 8" 
d 822 
i = 
'11 2 
G;i = p sin n eii = r p2 e~i - (t + (y + YO) Jc~ e? ) 2] 1 /2 11 
cos n 
G.. = lJ 
cos n = 
sin n = 
'-
sin n = 
G •. 
11 
P e .. 
11 
for i = 1, 2 
(4.29) 
p sin n e .. lJ 
i 2 2 
= i P 6 .. 
! 1 J 
L 
A / 2 2 J 2 2 2 l' /2 (t + Y IV C i - e i j + Yo c j - e i j ) J 
t +y Vci2 - 2 Y04cj2 2 for i = and j = 2 e .. + - e .. lJ lJ or 1 = 2 and j = p e .. lJ 
G •• lJ 
P e .. lJ 
The integrals of Eqs. (4.28) are, in general., performed in the e 
plane. However, the examination of the disturbances near the wave fronts is 
accomplished by the same· technique used previously, i.e., in the complex 
e2 plane~. The integrands ~f Eqs. (4.2~are analytic off the real axis 
except on the branch cuts of the G functions. These cuts are chosen, as 
before, outward to i nfi ni ty from e1 and ·eu, the end poi nts of the contours 
of integration. The contour of integration used in this study is the 
straight line path joining et and eU. The numerical techniques used to 
evaluate these integrals are discussed in Appendix A .. 
A summary of the integrals for the displacements is given here. A 
similar set for the stresses is provided in Appendix B. 
* 
P b
2 {l F, 
+ 1" F" u Q 2 7[2 ]l. C -d e, de" + = 2 cos w G· G'l R (e,,.) , , 
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+ l21 
F2, d 82, l12 
F'2 
d 8'2 l2 
F2 
82 + + -d 2 2 G2 G2, R (8 2,) G'2 R (8'2) 
r 
F22 ( F3 -- F33 
822} . I i d 822 I + I + -d 82 + -d 2 G2 G22 G22 R (822 ) I ) C22 ) C22 J C2 
* U P b2 { ( Hl H" (4.30)-w 8, d 8" sin w = 2 / Gl d + 2 2 'IT II ) C, c" G" R (8,,) 
,.-
H2, 
,,-
H'2 
,-
H2 i i I i d 82, 
i d 8'2 
i 82 + i 2 + ! 2 + jc -d I G2, R (82,) i G'2 R (8'2) G2 )c2, )C'2 2 
+ 
* {!c ~~ d8, ui: = P-b2 
+ 111 I" d 8" cos w 2 2 2 1T II G" R (8,,) 
1 
I 12, r 112 ( 12 + d 82, + d 8'2 f 82 2 2 + I -d c2, G21 R (82t) )c G'2 R (8'2) j c2 G2 '2 
+ 
( 122 
d 822} I i G22 R (~2) j C22 
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where 
3. 2 1/ J -2 2 F, = + 8, cos n; 2 a - 8, 
2 ;. -2 2 j -2 2"'J' 2 I / -2 2 + 4 811 \ a - 811 f\ b - 811 cos n;2~ a - 811 
3 (-2 2 ) A / ·2 2 2 F21 = + 2 821 b - 2 821 IV b - 8 21 cos n 
3 (-2 2 ) J -2 2 F12 = + 2 812 b - 2 812 b - 812 
• / -2 2 F 2 = + 82 'V b. ,- 82 (4.31 ) 
. 2 ~ 12 b 2 Jb- 2 2 F 3. = + 82 s 1 n ry' - 82 
F . 2 ,12 b2 Jb- 2 _ 82 33 = + 822 S 1 n I' . 22 
1-01 
3' r -2 2 2 
H 11 = - 8 11 l. - (b - 2 8 11 ) 
- ? J -/ 2 
+ 4 8 11 a - - 8 11 , Ib, - 2 e 2 .] . 2 /,.. / - 2 e 2 V - 11 S 1 n n; '-J a - 11 
3 (~2 2 ) J -2 2 . 2 H21 = -2 8 21 b - 2 8 21 b- 8 21 Sln n 
3 (-2 2 ) 1 / -2 2 . 2 H.12 = - 2 8 12 b - 2 8 12 Vb ... 8 12 S 1 n n 
J -2 2 2 "\ I. H2 = - 82 b - 82 sin J' 2 
4 2 J--2 2 Vb- 2 2] .. 2 ,/2 + 8.22 . a - 822 - 822 Sln 1,' 
2' ,I 2 J -2 2 H3 = - 82 cos n; 2 b b - 82 . 
2 ,j. 2 J -2 2 H33 = - 822 cos n; 2 b b - 822 
I] = + e~ cos ;/2 
'10Z 
I21 = + 2 8~1 (b-2 - 2 8~1) cos n 
82 [ (b- 2 2 
2 
I22 = - 2 822 ) 22 = -
+ 2 I ~2 4 8",1'\~ a .-LL' 82 22 Jb-2 - 2 822 J cos n/2 
and 
is the Rayleigh function. The incident terms, i.e., F1, F2, F3, Hl , H2, 
H3, I1, 12, are multiplied by (-1) when the 8 values are in the upper half 
plane, i.e., for y > YO. 
4.4.2 Disturbances near the Wave Fronts 
4.4.2.1 General Remarks 
The behavior of the displacements near the wave fronts is deter-
mined in the same manner as for the surficial loading. The analysis is 
performed in the 82 plane. Consider the mapping of the lower half 8 plane 
into the 82 plane as sketched in Fig. 22. The curve Co represents the 
boundary y = O. The region of interest lies within Co for the reflected 
waves and without for the incident waves. The upper half 81 and 82 planes 
lD3 
are also of interest since they represent the region y > Yo for the incident 
waves. It is clear that the mapping of the upper and lower half ,8 planes 
into the 82 planes can be treated separately or as a two-sheeted 82 surface. 
The results in either cas~ are identical. The contour of integration joining 
the upper and lower limits ,of integration can be deformed into any path 
crossing t~e real axis to the left of the origin. Only the results are 
given in the succeeding sections where the method of solution is identical 
to that of Chapter 3. 
4.4.2.2 P, PP, and PS Wave Fronts 
In a straightforward manner, the disturbances near the P and PP 
wave fronts are found to be: 
A p 
P b2 p2 (y - YO) [' 2 ] 
- - --=--2 - 2 2 2 3/2 Aw 7T (t - t p) + 0 (t - t p) 2 7T ~ a [p + (y - YO) ] 
A = 
w 
Hl (8p) 
ep G~ (ep) 
(4.32) 
where 
2 1/2 [p 2 + (y - yO) ] 
t = p a 
and 
*pp 
·u p 
cos w 
*pp 
u 
w 
sin w 
. A = 
w 
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-1 p a 
2 1/2 
[p 2 + (y - yO) ] 
(4.33) 
where 
tpp = 
Ay = 
I" (8QE ) 
8 R (82 ) pp pp 
[p2 + 2 ' /2 (y + YO) ] 
a 
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-2 P a 
2 2 1/2 [p + (y + YO) ] 
The character of the disturbances near the PS wave front is more 
difficult to determine since no explicit expression of 821 can be found. 
It can be shown, however, that uf1 and U
v 
experience a step discontinuity 
r-' oJ 
at the arrival of the ps wave while u is continuous. Hence, 
. w 
p~ 
* . 
u p 
cos w 
u 
ps 
* 
sin w - 0 (t - t ps ) (4.34) 
where tps denotes the arrival time of the PS wave and Bps the corresponding 
821 va 1 ue. The va 1 ues of tps and 8ps can be found numeri cally by the 
procedure outlined in Appendix A. 
+ 
y 
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] 1/2 
+ 't. + 
YO (4.35) 
Jb-2 2 Ja-2 - I u u2 - 821 821 
p2 
and 821 is the 2 821 value for a point just behind the wave front, i . e. , for 
t = tps + i1t. 
The character of the disturbances just behind the wave front 
arising from an incident P wave can be summarized as follows: 
1. The radial and vertical displacements experience a step 
discontinuity upon the arrival of theP, pp, andps waves; 
the circumferential displacement is continuous. 
2. The rate at which the displacements increase with time 
for a poi nt behi nd the P or PP wave fronts is inverse ly 
proportional to the distance from the source pOints, 
i.e., (0, 0, YO) for the P wave and (0, 0, -YO) for the 
PP wave, to the point of interest. Although no image 
point is definable for· the PS wave, it is easily seen 
that the rate of increase with time of the displacements 
diminishes with increased distance from the origin@ 
3. On the surface of the half sp·ace, the P, PP, and P5 
wave fronts coi~cide and the sum of the wave front 
effects reduce to those given by Aggarwal and Ablow· [9J. 
4. A similar analysis of the stresses could be perfonned. 
4.4.2.3 5, 55, and SP Wave Fronts 
In the same manner as before, the disturbances near the S wave 
front are derived to be: 
*s 
u p 
cos w 
*s 
Uw 
• Sln w 
*s 
u~ 
casw 
where 
P b 
2 2 IT l.1 
A = p 
P b 
-
2 IT2 l.1 
2 2 [p + (y - yO) J 
(Y - YO) 
[p2 + (y _ YO)2J 
Aw 
H3 (8s ) 
= 8s 
P b (y - YO) 
= 2 2 IT l.1 [p2 + (y _ YO)2] 
2 2 1/2 
[p . + (y - YO) J 
b 
[Aw TI 
[ Ay1T 
(4.36) 
+ o (t - t s ) ] 
.+ o (t - ts)] 
b- 1 P 
2 2 1/2 
[p + (y - Y ()) ] 
v 
The study of the di sp 1 acements near the fronts of the 55 and 
the SP waves is separated into the two cases discussed in Sec. 4.3.3.1. 
When the angle of incidence, f, is greater than arccos (b/a), nO head or 
surfaceSP waves exist and the character of the disturbances is found 
precisely as before. The results are: 
where 
*sp 
u p 
cos w 
Pb 
2 2 7f 11 
A = p 
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Pb (y + yO) 
2 7f2 11 [p2 + (y + YO)2J 
Ph (y + YO) 
- 2 7f2 ~ [p2 + (y + YO)2J 
r-
iA 7f 
L p 
i 
, A 7f l Y 
+ O(t-t )1 ss I J 
(4.37) 
+ 0 (t - t )] ss 
b- 1 P 
2 2 1/2 
[p + (y + YO) ] 
*sp 
u 
sin w - 0 (t - t sp ) 
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(4.38) 
where tsp is the arrival time of the SP wave and 8sp is the corresponding 
812 value. The values of tsp and 8sp are found as outlined in Appendix A. 
Go = I Q + Y. 
II i J -2 £2 
. \i 812 a - 812 
+ 
+ 
y 
+ (4.39) 
V 
.[2 2 
and e12 is the 812 value for a point just behind the wave front, i.e., for 
t = tsp + ~t. 
When the angle of incidence is less than arccos (b/a), the front 
of the reflected distortional· wave is defined by: 
for 
where 
.Q. < 
y 
..;2 
a for 12. > y 
bt 
bt 
The first expression defines the SS wave front and Eqs. (4.37)define the 
disturbances in this region. 
The second expression defines the head wave front. The anaiysis 
in this region parallels that of Sec. 3.3.5. The disturbances near the 
head wave front are given by: 
*H 
u 2 Pb2 Ap 2 p 
-
+O(t ~ tl-l) 
,.."e 1.\ 71 1J ' I? \.-'W..;J W [p2 + (y + YO)2J I I '- B 1/2 0 
, 3/2 
A = a-
3{b-2 _a- 2} 1 
2 P (b-2 - 2 a-~ Vb-2 -2 - 1 (y + YO) a p - a 
(4.41) 
-*H 
u Pb2 p2 [p2 + 2 1/2 3 Ll) (y + YO) ] ALl) B 1/2 + 0 (t - t ) sin Ll) - 4 'IT 1J o· H 
a- 2 (b- 2 _ a- 2)2 
2 ----------~----------
(b-2 - 2 a-2) p ;jb-:-2 _a-2 + a-2 (y + YO) 
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where tH is the arrival time of the head wave and 
BO = 1 + (4.42) 
As in the case of'a surficial loading, there is a logarithmic 
singularity behind the head wave at the arrival of the S5 wave front. The 
displacements at this point are governed by: 
*L 
1 n [1 up C· bt ] = cos w p 
Vp2 + (y + YO) 
2 
2 
(Y+Yo)Ve;s - a- 2 e2 (b-2 _ e2 ) (b-2 - 2 e2 ) 2 Pb C = ss ss ss p 1T2 1..1 (e2 ) R (e~s) 2 2 R [p + (y + YO) ] 
............ s~ . ... 
= 0 (4.43) 
*L 
1n [1 -u . bt J Y = Cy cos w Vp2 + (y +Yo)2 
2 3 V -2 2 (b-2 _ 2 (y + YO) ve~s - a- 2 2 Pb ·ess b ..; 8ss 2 8ss ) Cy = - -r-
. 2 
R (8~s) [p2 + (y + YO)2] 'iT 1..1 R (8ss ) 
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When the angle of incidence is less than arccos (b/a), the 
motion near the 5P wave front is determined by Eqs. (4.38). However, 
on the surface, the disturbance is st~died using the same tec~nique 
applied to the head wave motions. Hence, for y = 0,· 
Pb2 Ap 1 2 
- 1 2 (t - t . ) + 0 (t - t sp ) 2 ".2" [ 2 2 /2 B 1/ sp 
A p 
/'"' p + YO ] 0 
3/2 
= 8 a-5(b-2-,a~L ___ l ____ _ 
'3 2 -2) A / -2 -2 -1 ( b - - 2 a p IV b - a + YO a 
(4.44) 
, . /b-2 . -2 -1 
p V - a + YO a 
where BO is defi ned by Eq. (4 ~ 42). 
On the surface, there is also a logarithmic singularity at the 
arri va 1- of the Sand 55 wave fronts. The contri but; on due to theSP wave 
is given by: 
*L 
u 
Q 
cos w 
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(4.45) 
= 0 
(b- 2 - 2 e2 ) 
3 Vb-2 8 2 . le2 -2 Pb YO eSE - sE tv SE - a Cy SE = -2- 2 2 R (e~p) R (8~p) rr 11 (p + YO ) 
where 
The character of the disturbances just behind the wave fronts arising 
from ani nci dent S wa ve can be summa ri zed as fa 11 ows : 
1. The radial, circumferential, and vertical displacements 
experience a step discontinuity upon the arrival of the 
.S wave. The rate of increase of the displacements with 
time for a point just behind the wave front decreases 
with the distance from the source points to the point of 
interest. 
2. In the region not influenced by the head wave, the radial, 
circumferential, and vertical displacements also experience 
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a step discontinuity upon the arrival of the SS wave. 
The rate of increase with time varies as discussed 
above. 
3. Near the head wave front, the displacements are con-
tinuous. The radial and vertical displacements in-
crease linearly with time; the circumferential dis-
placement increases quadratically. 
4. After the passing of the head wave, points within the 
body and on the surface experience an increase in the 
radial and vertical displacements. The displacements 
vary as the logarithm of the distance from the SS wave 
front to the point of interest. 
5. At points within the half space and those on the y = 0 
surface not influenced by the surface wave, the arrival 
of the SP wave is marked by a step disco~tinuity in the 
radial and vertical displacements and a continuous in-
crease in the circumferential displacement. The rate 
of increase of the displacements with time varies as 
discussed above. 
6. .Points on the s~rface of the half space that are set 
into motion by the surface SP wave, experience a con-
tinuous increase in displacement upon its arrival. The 
radial and vertical displacements increase linearly 
with time; the circumferential displacement increases 
quadratically. As in the head wave case, a logarithmic 
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singularity in the radial and vertical displacements 
occurs upon the arrival of the Sand SS wave fronts. 
7. The combination of the wave front effects on the surface 
can be shown to reduce to those given by Aggarwal and 
Ablow [9J. 
4.4.3 Rayleigh Wave Disturbances· 
The effect of the Rayleigh wave for the load applied beneath the 
surface differs from that of the surficial loading in that no physical point 
-1 is mapped into the 81.1, 822 , 821 , or 812 planes at ±c . Hence, no point 
experiences an infinite displacement due to the Rayleigh wave. Of course, 
points near 8 = ±c- l are affected significantly by the pole at this point. 
For points on the surface of the half space, the effect is 
determined by the technique of Sec. 3.3.3. The result is: 
*R 
u p 
cos w 
= 
P 
1T f-l 
I 
I 2 c-2 
- ( 2 2)1/4 I (c- 2) 2 V2 p + yo R 
(4.46) 
*R 
ui: 
cos W 
where 
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p 
= --
. / -2 -2 22 1 14 
c i 'V b. - c ( p + yO) [ 2 c -2 Jl 2 2 1 / 2 ( ~ + i - c la ) 12 p2 R' (c-2) YO 
( -2 -2) ( J + b - 2 c ~ + i YO 1 2 2 1/2 Ji c Ib ) 
J 2 2 3/2 J 2 2 3/2 + 0 (~ + i YO 1 - c /a I) + 0 (~ + i YO 1 - c /b ). 
[ (; + 
.p 2 . {b-2 - 2 c-2} 2 c-2 
= 
c , 
7T II 2 2 1/4 I 
i YO Jl - '://a2 
1/2 
4 J2 (p + yO) R (c-2) ) 
(b-2 - 2 c- 2} 1 o (; + i YO Jl 2 2 1/2 + 1/2 + - c /a ) (~ + i YO Jl - c2/b2 ) 
. / 2 2 1/2. 
+ a (~ + i Yo' IV 1 ~ c Ib ) 
For points off the y = 0 surface, a slight complication arises 
since neither 812 nor 821 are known explicitly. Although not done here, 
the eff~ct could be studied numerically.' 
A discussion of the character of the displacements near the 
Rayleigh wave is presented in the next section. 
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4.4.4 Numerical Results on the Surface of the Half Space 
A time history of the displacements at several points on the 
surface of the half space was calculated and plotted in Figs. 23 through 34. 
Poisson1s relation was assumed to hold, i.e., ~ = ~, or Poisson1s ratio 
v = 1/4. The results are presented in a dimensionless form suitable for 
interpreting the effect of focal depth on the solution. The steady state 
solution approaches the static values derived by Mindlin [19J. 
Figures 23 through 25 give a time history of the displacements 
at three points on the surface of the half space for which f·~ arccos 
(b/a), i.e., the region not influenced by the surface SPandhead waves. 
The point p/yO = 1/12 is the division point of the phenomenon. The remaining 
figures contain plots of the displacements at points for which f < arccos 
(b/a). In the figures, the letters p, S, and SP mark the arrival time of 
* the p, S, and SP wave fronts respectively. The letter R denotes the time 
correspondi ng to p2 + y~ = ct, where c is the Rayl ei gh wave speed. 
Some general observations concerning the solution on the surface' 
fo 11 ow: 
* 
1. The initial radial displacement at the arrival of the P 
wave is outward; the initial vertical displacement is 
upward. 
2. The surface SP and head waves have a significant influence 
on the radial and vertical displacements as shown by the 
The P, PP, and PS wave fronts arrive at the same time as do the S, S5, 
and SP fronts in the region f ~ arccos (b/a). 
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change in slope at their arrival and the subsequent behavior 
of the displacements. They have a smaller effect on the 
circumferential displacement. 
3. In the region of f < arccos (b/a), all points except 
p = Yo experience a logarithmic singularity in the radial 
and vertical displacements at the arrival of the S5 wave 
front. The effect is very localized as depicted in the 
figures. 
4. The effect of the Rayleigh wave on the displacements becomes 
increa?ingly predominant as one recedes from the origin. 
The radial displacement experiences a "dipole type" effect, 
the vertical displacement a single spike. 
5. The plot of the surficial loading shows the attributes 
discussed in Chapter 3 and the limit of the beneath the 
surface loading as the effect of yO decreases. 
4.4.5 Numerical 'R~sUlts'offthe Surfate of the Half'SPace 
To illustrate the calculation off the y = 0 surface, a time 
history of the displacements at a point within the half space due to a 
point load P of magnitude 10,000 kgm is plotted in Fig. 42. The load is 
applied at a depth of 10 km and the point of interest has coordinates 
p =lOQ km and y = 15 km. The medium" possesses dilatational anddistor-
tional wave speeds of 4 km/sec. and 2.5 km/sec. respectively. The shear 
modulus is taken to be 250,000 kgm/cm2. The arrival times of the P, S, 
PP, SS, PS, SP, and head wave fronts are noted in the figure. It is 
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apparent that the displacements at any point in the medium can be deter-
mined with ease. 
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5. POINT LOADING PARALLEL TO THE INTERFACE 
BETWEEN TWO DISSIMILAR HALF SPACES 
5.1 General Remarks 
The question of interaction of waves at a plane boundary be-
tween two half spaces of differing material properties is one that has 
been discussed at great length in the literature. Ewing, Press, and 
Jardetzky [2J considered some simple cases and provided a large list of 
. references to previous work. Zvolinskii [lOJ, utilizing the method of 
self-similar potentials, investigated the axisymmetric response due 
to a spherical source of dilatation when the two materials are elastic 
and bonded together. In this chapter, the solution for a point load 
acting parallel to the plane boundary between two bonded elastic half 
spaces is formulated. The load is assumed to vary as a step function 
in time which permits a simple extension to any variation in time. 
A diagram of the body being considered is shown in Fig. 35. 
The load P is applied at a distance y = Yo from the interface· of the two 
half spaces and parallel to the x axis, as in Chapter 4. The y > 0 half 
space is denoted as medium 1 and possesses material properties Al' ~l' ml 
with the resulting dilatational and distortional wave speeds of al and bl . 
Similarly, the y < 0 half space is denoted as medium 2 with properties 
A2, ~2' m2 and a2, b2" In succeeding sections, the relative values of 
ai and bi are important in determining the characteristics of the reflec-
tion and refraction at the interface. Noting that ai must be greater than 
bi' the following six cases are possible: 
121 
A discussion of the wave front patterns and the solution to the problem 
are contained in what follows. 
5.2 Determination of the Reflected and Refracted Distu~bances 
5.2.1 General Remarks 
The method of solution parallels that of Chapter 4. Before the 
incident waves reach the interface, the disturbances in the medium are 
identical to those produced by a pOint load in an infinite space. Reflected 
and refracted waves arise as the incident waves reach the y = 0 surface. 
Subsequently, the motion of the y < 0 half space is due to the refracted 
waves and the motion of the y > 0 half space is due to the superposition 
of the "incident and reflected disturbances. The reflection and refractinn 
at the interface is again treated in the uncoupled two-dimensional state, 
i.~.; three two-dimensional problems are solved: 
1. The reflected and refracted P and SV waves due to an 
incident P wave; 
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2. The reflected and refracted P and SV waves due to an 
incident SV wave; 
3. The reflected and refracted SH ~ave due to an 
incident SH wave. 
The solution to the three.dimensional problem is then found by rotationally 
superposing the plane fields. The uniqueness of the solution follows as 
in Chapters 3 and 4. 
5.2.2 Incident P Wave 
5.2.2.1 Method of Solution 
The incident potential for the P wave is defined by Eqs.(4.7a) 
and (4.8).. The reflected potentials are taken in the form of Eqs. (4.10)and 
(4.11). The dilatational and distortional wave speeds in these equations 
are denoted bya1 and bl . rather than a and b. The ~efracted potentials 
are soug~t in the same manner as the reflected potentials, i.e., by 
defining the refracted dilatational potential, Yll' and the refracted 
distortional potential, w21 , as follows: 
(5. 1 ) 
where 811 and' 821 are defined implicitly by 
V -2 2 I V -2 2 ~ll = t - 8" x 811 + = 0 - y a2 YO al - ell 
l i (5.2) 
I 
- Y Vb":/ 2 V -2 2 ~2' = t - 821 x 821 + = 0 Yo al - 821 
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It is apparent that the observations of Sec. 4.3.2.1 concerning 
811 and 821 apply to their participation in the present solution. Also; 
the properties of the variable 821 apply to both 8'1 and 821 taking into 
account the changes in wave speeds. The variables 81, 811,821,811' and 
821 reduce to a common value on the y = o surface. The values of 811 are 
found from Eq.(4.12h the values of 821 ,811 , and 821 for points off the 
y = 0 surface are found numerically by the procedure of Appendix A. 
The wave front pattern for the P wave incident on the y = 0 
surface is dependent on the'relative values of the wave speeds in the two 
media. Case I is the, most complex of the six possibilities. In the same 
manner as the SP wave arising from the subsurface loading of a half space 
transformed into a surface disturbance, first the refracted PP and then 
the refract~d PS waves begin traveling along th~ interface of the two 
half spaces. The critical angleS of incidence can easily be determined from 
the wave speeds. This surface phenomenon naturally produces head waves 
in both the y < 0 and y >0 half spaces. A sketch of the wave front 
pattern for a typical point beyond the critical angles of incidence is 
* shown in Fig. 36. Cases II and IV are simpler than Case I in that only 
the refracted PP wave is transformed into a surface disturbance. A sketch 
of the wave fronts is shown in Fig. 37. In Cases III, V, and VI, no 
refracted waves travel along the interface. This is shown in Fig. 38. 
* In Figs. 36 - 41, the subscripts 1 and 2 refer to the medium in which a 
wave is traveling, e.g., PP1S2 represents the distortional head wave in 
medium 2 due to the reflected dilatational wave in medium 1. In several 
of the more complicated figures, the head waves have been sketched only 
for x < Oar for x > 0 to clarify the picture. They, of course, exist 
on both sides of the y axis. 
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Figure 38 also represents the wave front pattern for Cases I, II, and IV 
at points within the critical angles of incidence. Although Figs. 37 and 
38 represent several situations, it is obvious that, in general., the wave 
fronts are not identical in shape. 
5.2.2.2 The Plane Displacement Fields 
In the same manner as in Secs. 2.3.2 and 4.3.2.2, expressions for 
the stresses and displacements in the y < 0 half space in terms of the 
refracted potentials can be derived. The values of the reflected and re-
fracted potentials are then found by applying the conditions of a bonded 
interface of the two media, i.e., continuous displacement and stress 
vectors on the y = 0 surface. The result of this operation is: 
I 
°1 ( 811 ) I I °2 (82,) I 
c4?11 ( 8.11 ) = ( 8'1 ) c4?1 (8,,) '1',),(8,),) = (82,) 
c4?, (821 ) 0 I I '- I '- I 0 I 
(5.3) 
I 
°3 (e'l) I I 04 (82,) 
. r" (81, ) = ( 811 ) c4?1 (8,,) S"22l (82,) = c4?, (82,) D 0 (82,) 
(5.4a) 
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D, (8) 
(5.4b) 
2 2 2 
= - 2 lJ (n l + 2 8 .) kl [h, (n2 + 2 11 8 ) + h2 (lJ nl + 2 8 )] 
where 
k, = Va,2 - e2 k2 / -2 =v a2 - 82 h, J -2 2 = b, - 8 
h2 = Jb"22- e2 n, = b22 - 282 n2 = b22 - 2 82 
lJl 
= lJ lJ2 
(5.5) 
The plane strain displacement field for the incident P wave in 
the y > 0 half space is given by Eq.(4.16). It is not difficult to show 
that the corresponding field in the y < 0 half space is given by: 
(5.6) 
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Ja-/ 2 821 I * - 8" I I 
r'l (8" ) (82,) Uy = • - -r- ~21 
L111 L12l 
where 
I 8L1'1 8L1 11 
L1'1 = 88,1 L121 = 8821 
5.2.3 Incident SV Wave 
5.2.3.1 Method of Solution 
The incident potential for the SV wave is defined by Eqs. (4.7b) 
and (4.8) and the reflected potentials by Eqs. (4.17)and(4.l8)where the di-
latational and distortional wave speeds are denoted a1 and b,. The re-
fracted potentials are taken in the form 
(5.7) 
where the· variables 812 and 822 are defined implicitly by 
L112 = t - x 812 - J -2 2 ·ya2 -8'2 + Vb-2 2 YO 1 - 812 = 0 
(5.8) 
622 = t - x 822 J -2 2 - y b2 - 822 + J -2 2 Yo b1 - 822 
The pote-nti a 1 functi on Y12 defi nes the refracted SP di sturbance and w22 
the refracted SS disturbance. 
Clearly, the observations of Sec. 4.3.3.1 concerning 8'2 and 822 
are equally applicable to the present case. Those concerning 8'2 apply 
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to the refracted 8 values also. The variables 82, 812 , 822 , 812 , and 
822 reduce to a common value on the y = 0 surface as before. This is, 
of course, a necessary condition for the solution for the potentials. 
The variable 822 is found explicitly (Eq. 0.19» but the values of 812 " 
812 , and 822 for points off the y = 0 surface must be found numerically. 
As in the P wave case, the wave front pattern due to an incident 
SV wave is dependent on the relative wave speeds of the two media. Cases I, 
II, and III are the most complex. In these instances, the refracted SP 
and S5 waves and the reflected SP waves are transformed into surface dis-
turbances traveling along the interface of the two media. The difference 
in the three cases lies in the relative positions of the wave fronts and 
their corresponding critical angles of iricidence. Case I is sketched in 
Fig. 39 for a point beyond the critical angles of incidence. In Cases IV 
and V, the refracted and reflected SP waves are transformed into surface 
disturbances as shown in ,Fig. 40. The difference in the two instances 
again lies in the relative positions of the wave fronts. Case VI is 
marked by only one surface disturbance, i.e.', the reflected SP wave. It 
is sketched in Fig~ 41. 
5.2.3.2 The Plane Displacement Fields 
In precisely the same manner as in Sec. 5.2.2.2, the reflected 
and refracted potentials are found to be: 
J 
~22 = 
(5.9) 
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(5.10) 
2 
= - 2 ]J e (n, + 2 e )h l [(ll n, - n2) + 2 h2 kl (1 - ll).] 
where 0 (e) is gi yen by Eq. (5. 4a) and hi' ki' ni , and II by Eq. (5.5). 
The plane strain displacement field for the incident SV wave in 
th e y > a h a 1 f spa c e i s g i v e n by E q. (4. 22). I tis not d iff i c U 1 t to show 
that the corresponding field in the y < a half space is given by: 
8 I / -2 2 
* 12 V?2 - 822 I UX
I 
= ---. r 12 (8'2) + l r222 (822 ) 612 - ~22 
(5.11) 
* U I = 
Y 
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where 
, 
~22 
~5.2.4 Incident 5H Wave 
The case of an incident 5H wave is considerably simpler than 
the two previous cases since the only reflected and refracted disturbances 
arising at the interface are of 5H type. The wave front pattern is 
similarly simplified; only two cases exist, i.e., bl > b2 and b2 > bl . 
In the former, none of the waves are transformed into surface disturbances. 
In the latter, however, the refracted 55.wave does become a surface phenom-
enon for points beyond its critical angle of incidence. 
The sol uti on is found as before.. Hence, the i'nc-i dent di sturbance 
is defined by Eqs. (4.7c)~nd(4.8). The reflected disturbance is taken in 
the form of Eq. (4.23). The refracted potential is defined by: 
(5.12) 
where 822 is defined by Eq. (5.8). In a straightforward manner, applying the 
conditions of continuity along the y = 0 surface, the reflected and re-
fracted disturbances are found to be: 
, 
* = 09 (822 ) w2 (822 ) 
where hi and ~ are defined in Eq.(5.S). 
, 
* 010 (822 ) w2 (822 ) 
(5.13) 
(S.14) 
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The antiplane displacement field in the y > 0 half space is 
determined from Eq.(4.26). In the y < 0 half space, the antiplane dis-
placement field is: 
* U I 
Z 
I 
* V22 (822 ) 
i 
,622 
5.3 Determination of the Three-Dimens~onal Displacement Field 
(5 .. 15 ) 
The displacement field in the y > 0 half space is defined by 
Eq. (4.27) .. In the y < 0 half space, it can be obtained without difficulty 
from Eq s. (5.6), (5. 11),. and (5. 15). Hence 51 
* u p 
cos w J 7f[ ell I 812 I = . -.-rll + -.-r12 + o ,611 ,612 -2 2 b2 - 821 I i ~21 ,621 
+ 
-2 2. J b2 - 822 I 2 
-----.-. -- ~22- cos n dn + 
,622 . 
= (5.16) 
-2 2 J b2 - 822 I • 2 
I ~22 Sln n dn 
,622 . 
131 
* (1T r ;' -2 2 U--2-uy l t\ a2 - 8'1 'V a2 - 8'2 J 82, J = I I r" + i r12 - --r- r221 cos w 611 Jo 612 621 
where p cos n replaces x . 
The convenience and power of the methods of rotational super-
position and self-similar potentials is well illustrated in this complicated 
problem. The six cases which have been distinguished are naturally found 
from the expressions" for the potentia~s. It is necessary to perform only 
one solution. As in other problems, the fronts are indicated by the 
behavior of the potentials in the complex plane. This behavior is strongly 
influenced by the relative magnitudes of the wave speeds. The detailed 
interpretation of the solution for the six possible cases has not been 
carried out. 
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6. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY 
6.1 Conclusions 
In this study, the method of rotational superposition has been 
extended to the solution of a class of wave propagation problems in an 
elastic half or full space which lack axial symmetry. Three specific 
problems have been treated, namely, the tangential point load applied to 
the surface of the half space, the point load parallel to and beneath the 
free surface of the half space, and the point load parallel to the inter-
face of two bonded half spaces of dissimilar materials. The extension to 
other loading cases is straightforward. For example, the case of a 
uniformly expanding disk of load is treated simply by considering the 
speed of expansion a of the boundary tractions in Chapters 3, 4, and 5 
to be nonzero .. Of course, the resulting disturbances must be studied for 
the entire range of speeds a, i.e., for values of a from 0 to speeds greater 
than ~he dilatational speed. Howevei, the solution in all cases is giyen 
by the expressions derived in this work. A force dipole applied in the 
x~y plane is another interesting problem which can be treated in a simple 
fashion. It is not difficult to show that the disturbances due to a point 
moment varying as a linear function of time are obtained by replacing the 
inCide~t_~~ten~ials, ~ , ~', for the plane strain problem by ~a-2 :,ei ~' 
and Vb. - 82 \f and by rep 1 aci ng the i nci dent di sp 1 acement, w ,by { I 
I -2 2 * . 
",j b - 82 w in the antiplane problem. The determination of the motions 
of the body proceeds as before. Many other examples could be cited. 
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The combination of the methods of rotational superposi'tion and 
of self-similar potentials possesses several important features: 
1. The stresses and displacements obtained by these methods 
are in a particularly convenient form. It is only in 
terms of the els that the results are simple. On the 
surface, the e values are easily expressible in terms 
of the spatial coordinates and time; but this is not 
the case, in general, off the surface. This helps to 
explain why results have been given in previous work 
only f9r stresses or displacements on the surface. In 
this study, the e values in question are found numerically. 
The singularities in the stresses and displacements can 
easily be identified in the e plane. The asymptotic 
behavior of the motions near the wave fronts has been 
found without difficulty. 
2. The positions of the wave fronts, including the head wave 
fronts, and the contributions of each wave to the solution 
are by-products of the analysis. Hence, it is a simple 
matter to study the character of each of the disturbances 
separately. 
3. The solution process permits identification of an SH-type 
disturbance for the three-dimensional problem, i.e., a 
part of the distortional wave in three dimensions that is 
uncoupled f~om the P wave at a bounding surface. This 
corresponds to a torque about the y -axis in the lIaxially 
symmetric ll case. 
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4. At all times in the solution process, physically meaningful 
quantities are involved. The auxiliary problems are plane 
problems of elasticity, which then makes it poss1ble to use 
established procedures for their solution. The cylindrical 
wave fronts are examined in a relativ.ely simple matter in 
I I 
two dimensions and their traces in the x - y plane 
immediately prbvide the traces of the three-dimensional fronts 
on any plane containing the y axis. 
The character of the disturbances due to the surficial loading of 
a half space by a tangential point load are discussed in Sec. 3.3. Special 
attention has been given to the stresses and displacements near the wave 
fronts and near the Rayleigh wave. The displacements due to the interior 
loading of an elastic half space by a point load parallel to its boundary 
are discussed in Sec. 4.4. A study of the effect of focal depth on the 
solution is performed and the solution near the wave fronts is examined in 
detail. The effect of the surface SP wave and the Rayleigh wave are also 
discussed. 
The convenience and power of the methods of self-similar potentials 
and rotational superposition are well illustrated by the complicated problem 
of the point loading of two dissimilar half spaces solved in Chapter 5. The 
six cases which have been distinguished are naturally found from the expres-
sions for the potentials. It is necessary to perform only one solution. 
The detailed interpretation of the solution for the six possible cases has not 
been carried out. 
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6.2 Recommendations for Further Study 
Several problems which are readily treated by the method of 
rotational superposition have been suggested in Sec. 6.1. The point moment 
problem is an especially useful one when applied to the simulation of earth-
quake motions. The solution for a point moment in the x-z plane may also 
be valuable in this context. That solution can be extracted without 
difficulty from the results of the present study. To consider loads moving 
with finite speed requires only slight modifications of the initial potentials. 
This solution is also useful in simulating earthquake motions due to a 
~trike-slip of limit~d extent. 
The need for an extensive analysis of the results of Chapter 5 
for the six ranges of wave speeds has been indicated. The analysis is 
straightforward when applying the techniques of this study. The extension 
from two elastic media to multiple layering is apparent. However, the 
amount of bookkeeping involved and the number of cases to be studied 
create a formidible computation. 
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FIGURE 1. THE GEOMETRY OF ROTATIONAL SUPERPOSITION. 
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FIGURE 8. POINT· LOAD BENEATH THE SURFACE OF THE HALF SPACE. 
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FIGURE 9. POINT LOAD IN A FULL SPACE. 
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APPENDIX A. NUMERICAL TECHNIQUES 
A.l The 8 Values 
This section considers the problem of the SP and PS wav~ fronts 
and the values of 821 and 812 for pOints off the y = 0 surface. The 
following discussion applies equally to the two variables. The value of 
ci will be a for 8'2 and b for 821 ; cj will be b for 8'2 and a for 821~ 
A.l.l Wave Front Position 
The wave front is the envelope of the characteristic planes. 
It is defined by the solution of the following two simultaneous, nonlinear 
* equations. 
dO 
= - x d8 
y Yo 8 
V -2 ·2 c. - 8 J, 
(A.1 ) 
= 0 
Several observations concerning the front can be made. The value of 8 
is real for all points on and outside the front, complex for points inside. 
The range of 8 values on the front, i.e., 8 values corresponding to points 
o and IT of Figs. 13,20, and 21, can easily be found: 
-1 p c. 
J 
A / 2 2 
'V p + YO 
(A.2) 
The value e = 0 represents the intersection of the wave front with the y axis. 
* ' See the Appendix of Ref. [20J. 
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Two problems arise during the calculations of Chapter 4. The 
first ;s to find the position of the wave front for a given time, thereby 
determining whether the point of interest lies within the front. This is 
I 
accomplished by solving Eqs. (A.l)for the x and y values corresponding to 
the time in question and for a number of values of 8 in the range 0 to 
-1/ / 2 2 P cj rv P + Yo . Newton's method was used [21Ji Any number of points 
can be determi ned. Spec; fi cally, th ree poi nts in the regi on of i nteres t 
are found and a curve is passed through them. It is then a simple matter 
to determine the relation of the front to the point of interest. 
The second" problem is to find the arrival time of the SP and 
PS waves. This is accomplished by adding a step to the above procedure. 
Assume a value of time such that the front has not reached the point in 
question. Then increment the value of time carrying out the above procedure 
at each step until the front reaches the point of interest. The arrival 
time and the corresponding value of 8 are thereby determined. 
A.l.2 Values of 8 off the y = 0 Surface 
The value of Sl2 and 821 at points off they = 0 surface are 
found by the following procedure. In general, a first approximation to 
the e value is determined by "integrating a variable along a coordinate 
surface until the point of interest is reached. For instance, to calculate 
, , 
an approximate value of e at (x , y, yO' t), find 8 at (x , 0, yo' t). 
Next integrate from 0 to y by an approximate numerical integration scheme. 
The Runge-Kutta method [21J was used in this study. Refine this value of 
8 to the required degree of accuracy using Newton's method. It is clear 
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that once a starting value is determined, this procedure can be performed 
I 
on any of the variable's x , y, t, or YO' A very coarse step size can be 
used with the refinement of the answer accomplished using Newton's method. 
A.2 Calculation of the Stresses and Displacements 
The procedure applied to the calculation of the stresses and the 
displacements for the surface and beneath the surface loading of the half 
space is similar. The difference in the two instances arises in the fact 
that the calculation for the surface load is performed in the e2 plane and 
for the subsurface loading in the e plane. 
The integrals determining the stresses and displacements due to 
the surficial loading of the half space are given by Eqs. (3.14). The 
analyticity of the integrands was discussed in Sec. 3.3. In summary, the 
2 u2 
contour of integration can be chosen to be any path joining ef and ei ' 
crossing the real axis to the left of a-2• It is convenient to choose i 
2 
the contour to be a combination of straight line segments, e.g., e~ to 
1" 2 
1;::-2/" \.... "-, 
u
2 
to e; . 
loading 
1m e~ ) 
1 
2 . 2 2' 
Tm et \ ("" -2 J,) T ..... et \ .L._ 1_ -2 ,,, T1m aU \ __ n J ,- -2 In J. I i J, a I '-, J.1I1 i ) ~u \ d I c. , i)' a a ~ a / t:. , 
The stresses and displacements due to the beneath the surface 
are given in Appendix Band Eqs.(4.30). Again the analyticity of 
the integrands was discussed in the text (Sec. 4.4.1). The contour of 
integration is chosen to be the straight line segment joining ef and e~. 
It is easily verified that the integrands that are not functions 
of sin 2 n have a square root singularity at each end of the contour of 
integration. This singularity is integrable and an approximation to the 
result is found in the following manner. Assume the integrand to be of 
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the form (A + B e)/~e el which is subsequently integrated in closed form. 
The result is a special quadrature formula which automatic~lly takes account 
of the square root singularity. This formula is applied to several small 
intervals near the end points. The integration over the remaining part of 
the contour is performed by Simpson1s rule. 
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APPENDIX B. THE STRESS FIELD FOR THE POINT LOAD APPLIED 
BENEATH THE SURFACE OF THE HALF SPACE 
The following expressions determine the first time integral of 
the stresses associated with the point load of magnitude P, applied beneath 
and parallel to the surface of the half space. The contours of integra-
tion and further details concerning their derivation are given in Sec. 4.4.1. 
L * 
-- P 11 cos w = 
+ 
+ 
+ 
Pb~ [ r 
27T 111 'C 
l -' 1 
L * 
w 
~ cos w 
I * y 
l.l cos .w 
Pb
2 {1 = 2 '/T2 ~. C 
= 
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K, r I G, d 8, + ) c" , 
K" d 8'1 
r K21 d 82, + / 2 2 
G" R (8 l ,) 
I G2, R (82,) I j c2, 
180 
* 
+ 121 
N21 d 821 + 1 N'2 d 812 N2 . 
+!c -·d 8 2 (8~2) G2 2 G21 R (82,) C G12 R ~. C2 12 
r N22 d 822 
+ i2 N3 1 N33 } .+ j C22 2 G d 82 + G d 822 G22 R (822 ) ·2 C 22 22 
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= Pb
2 f r ~ d 8, + Ir'~ 0" d 8" 
2 rr2 ]J 1 ,i G, G R (8 2 ) l-- c, ) C'l ~l' l' 
+ 
( -2 -2 2 2) 2 [ (-2 2 ) 2 J l' b - 2 a + 2 8 11 cos n 811 - b - 2 8 l' 
? /.;..2 2 J -2 2] ~/ I -2 2 
+ 4 811 'v a - 8" ,b - 811 cos J 2y a - 8" 
4 (-2 2 )J -2 ,2 J 21 = 4 82, b - 2 821 b - 82, 
J12 = 2 e~2 (b-2 - 2 e~2)Jb-2 -e~2 (b-2 - 2 a- 2 
2 2 + 2 812 cos n) cos n 
2 J -2 2· 3 J 2 = 82 b - 82 cos n 
2 . / -2 2 J -2 2 ] 3 + 4822y a - 822 b - 822 ,cos n 
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J = 82 . 2 ~~b2. Ib-2 - 822 3 2 sln. n cos r l V 
2 . 2 '"lit 2 / -2 2 J 33 = 822 Sln n cos ~b Vb - 822 
( -2 -2 2. 2 ) 2 .,/ l 2 2 K, = b - 2 a + 2 8, S 1 n n 8, cos n; 2V a - - 8, 
K (b-2 2 -2 2. 2 ) [ (. -2 2 )2 l' = - a + 2 8" Sln n - b - 2 8" 
2 / -2 2. I -2 2· ] 2 .. / / -2 2 
+ 4 8" '\/ a - 81, 'V b - 81, 8'1 cos ry 2V a - 8" 
4 ,,/ -2 2 
K2, = 4 ~ 21 IV b - 821 
K'2 = (b- 2 - 2 a- 2 + 2 8f2 sin 2 n) [2 8i2 (b- 2 
2 ef2)Jb-2 - ef2 ] cos 11 
K 822 - /b- 2. _. 2 . 2 2 = V 82 Sln n cos n 
2 J -2 2 J -2 2 ] 2 + 4 822 a - 822 b - 822 sin n cos n 
K3 = . 2 . 2 (b2Jb-2 2 - 82 Sln n.cos n - 82 ' 
K33 = 2 · 2 (b2Jb-2 2 - 8~2 Sln n cos n - 822 
L, = 2 ( -2 2) 0 ~ -2 2 81 b - 2 8, cos n 2 a - 8, 
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Lll = e~l (b- 2 - 2 e~l) [- (b- 2 - 2 e~/ 
2 V -2 2 J -2 2 ] "' I /-2 2 + 4 8'1 a = 8'1 b - 8'1 cos ry 2va - 811 
L21 = 4 J -2 2 - 4 821 b - 821 ( -2 2 ) b - 2 821 cos n 
L12 ,-
2 -2 2 2 J -2 2 2 8'2 (b - 2 8'2) b - 812 cos n 
2 i -2 2 
'L = - 82Vb - 82 cos n 2 
'l 
2 J -2 2 [- (b -2 _ 2 82 ) t:. L22 = 822 b - 822 22 
2 J -2 2 V -2 '2 + 4 822 a - 822 b . - 822 J cos n 
3 [ (-2 2 ) 2 2 J -2 2, / -2 2 1 2 M11 = - 811 -' b - 2 811 + 4 8'1 a - 811 Vb - 8'l..lcOS n 
3 2 222 M21 = - 2 821 (b - - 2 821 ) cos' n 
3 (-2 2 ) .. / -2 2. / -2 2 2 M'2 = - 4 8'2 b - 2 8'2 \fa . - 8'2V b - 8'2 cos n 
( -2 2) 2~! M2 = 82 b - 2 82 cos ~2 
2 2 2 
= 822 [- (b- - 2 822 ) 
, 2 , / -2 2. / -2 2 ] ( -2 2) 2 ~ f 
+ 4 822 Va - 822 Vb - 822 b - 2 822 cos ~2 
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N = 83 [ (b-2 2 82 ) 2 4 82 . I -2 82 /b- 2 _ 2 ] . 2 
'1 ,,-, - 11 + 11'V a - " y 8" s 1 n n 
N21 = 2 e~l (b-2 - 2 e~1)2 sin2 n 
3 (-2 2 ) I -2 2. I -2 2 . 2 N12 = 4 8'2 b - 2 8'2 Va -812y b - 8'2 Sln n 
( -2 2) 2 'II N2 = - 82' b - 2 82 sin }2 
2 
N22 = - 822 (b-
2 
- 2 8~2) [- (b- 2 ~ 2 8~2) 
2 I -2 2. / -2 2 ] 2" ~ + 4822V a - 822 ~b - 822 sin y2 
4 . 2. I -2 2 0, - - 81 s1n , n cos n/Va . - 8, 
4 [ . -? 2 ')2 
0" = - 8" - (b - - 2 8" 
2 1-2 2 I -2 2 'J . 2 "' I I -2 2 
+ 4. 8" Va - 8" V b - 8" S 1 n n cos ry V a - 8" 
Q 4 84 /b-2 82 (b-2 2 82 ) . 2 2' = - 2' V - 2' - 2' S 1 n n cos n 
'4 . / -2 2 (-2 2). 2 Q12 = - 4 8'2 ~b - 8'2 b - 2 8'2 S1n n cos n 
2 J -2 2 . 2 02 = - 82 b - 82 Sln n cos n 
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